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INVERSE TRIGONOMETRIC 2

FUNCTIONS

No matter how correct a mathematical theorem may appear to be, one ought never to be
satisfied that there was not something imperfect about it untill it also gives the
impression of being beautiful.

— George Boole

Mathematics consists of proving the most obvious things in the least obvious way.

— George Polya

2.1 Introduction

We have studied that a function has an inverse if and only if it is one-one and onto. There are
many functions which are not one-one or not onto or both and hence they cannot have an inverse
function. In class XI, we have studied that all trigonometric functions are periodic and hence they
are all many-one functions. Therefore, they cannot have an inverse. In order to have inverse of
these functions, we must restrict their domain and codomain in such a way that they become one-one
and onto. With this modified domain and codomain, it can have an inverse.

We know that if f= {(x, y) | y = f(x), x € A, y € B} is one-one and onto, then 1 exists and
S1={0:®|y=/x),x€ A, y € B}

Also fof 7! = I and flof = I,

L x€EASDS(Flox)=x,y€E B=(of Hy) =y

In this chapter, we shall discuss the existence of the inverse of trigonometric functions and
discuss their properties.
2.2 Inverse of sine Function

We know that sin : R — R is many-one and range of sine is [—1, 1]. So, it is not onto R.
sine = {(x, y) | y = sinx, x € R, y € [—1, 1]} is a many-one function on R and is onto [—1, 1]. It is
many-one and periodic with period 2. We can see from its graph that, if the domain of sine is
taken as, [—%, %] or [%, 37“ or [371':, 571‘] or [(2k - 1)%, 2k + 1)%], k € Z, it becomes one-one
and remains onto [—1, 1].

y = sinx
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So, to define the inverse of sine function, we can take any of these intervals as the domain of
sine. We shall take the domain of sine function as —?, 2] to define the inverse of sine. So we
consider the function sir = {(x, Y |y =sinx, x € —-—i—, 2] y € |—1, 1]}. This is a one-one and
onto function. Therefore, it will have an inverse function. The inverse of sine function is

denoted by sin—l.
sin~ {(y,x)|y—smx,x€[~2,-§,yellI[}

Thus, for x € [~——72-§, 2] and y € [1, 1]

=1

y = sinx & sin 'y = x

The domain of sin~! is [—1, 1] and the range is *—-’-,f—, 21

Remember that if y € [—1, 1], sin”ly is not just any real x for which sinx = y but only
that x € [— > 2] for which sinx = y. For instance, given y = £, we know that sin % = g and
% € —%, E] SO sin_l(gj = E. Although sin(TC—?) = sm(zgt) = g, we can not
write sin_lg 27: because 2& ¢ [ = ﬂ].

Also VO € [—%, %], sin_l(sine) =0

sin(sin x) = x. Vx € [-1, 1].

For instance, sin(Sin_lg) = %, because % € [—1, 1]. sin_l(sinzTn) = 2Tn because
21 _ T _1( (315)) 31r, T
5 € [ > 2] but sin” | sin 5 )) # because 3L [ 2].

If the inverse of f: A — B is f~1 : B — A, then we know that,
fof 1 =1z and flof = I,

Thus, sin : [—%, %] — [—1, 1] has inverse, sin” ! : [-1, 1] = [—%, %]

sin~(sinx) = x, Vx € [—%, %] and sin(sin 1x) = x Vx € [—1, 1].
We note that,

T I i <
(l)xe[z,z](:) <x S2@|x| 2and
y € [, 1]<=>—1 Sy<1&e |yl <.

, that is sin”lx # (sinx)™!

Q) sin"lx # Tinx

2.3 The Graph of y = sin lx

The domain and the range of sin~! are [—1, 1] and [—%, % respectively. Its graph will be
yi4

confined between the two vertical lines x = —1 and x = 1 and the two horizontal lines y 5

andy=%.
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We can use our knowledge of the graph of y = sinx to get the graph of y = sin lx. To obtain it,

let us first examine how to find the graph of f~! from the graph of f, when inverse of f exists.

The graph of y = f(x) and the graph of y = f~1(x) are
very interestingly related. If point (a, #) is on the graph
of y = f(x), then b = f(a) and so a = f~1(b). Therefore,
the point (b, @) is on the graph of y = 1(x). The converse
is also true. Hence, A(a, b) is on the graph of y = f(x)
if and only if B(b, @) is on the graph of y = f~1(x).
We can see that the line y = x is the perpendicular
bisector of the line-segment joining A(a, ) and B(b, a).
Slope of the segment joining A{a, b) and B(d, a) is

b—a ) <
a—b — —1. The slope of y = x is 1. Hence AB is

perpendicular to the line y = x. Also the mid-point AB is

a+b a+b . o .
5 25 | and obviously it lies on the line y = x.

X'«

Y

A
A@b)
B(b,q)

> X
O
W
Yl
Figure 2.2

- The line y = x is perpendicular bisector of AB. Thus, B(b, a) is the mirror image of A(a, b) in the

line y = x. Thus, the graph of y = f~1(x) is just the image of the graph of y = f(x) in the line y = x.

Y Thus, the graph of y = sin~lx is obtained by
4 simply reflecting the graph of sirn through the line
=1 (1%) y = x. First draw the graph of y = sinx, x € [—%, %],
y € [—1, 1] on a piece of paper. Now fold this paper
y = sin”x on the line y = x. Now turn the paper upside down,
X' pi S ; 5> X interchange the X-axis and Y-axis and look at the

graph. What you see is the graph of y = sin lx.
MNote : The student herself should perform this

activity in the class-room.
(_1’_%) 3T For the graph of y = sinx, x € [—E, %],
;(f, y € [~1,1] and for the graph of y = sin lx,
Figure 2.3 x€ [-1,1]and y € [_%a %]

Example 1 : Obtain the value of : (1) sin_l(%), (2) sin_l(f), 3) sin_l(—%).

T

Solution : (1) sz'n_l(%) = sin_l(sing) = %, because
- -—1L=-—1(-£=£ I _E &
(2) sin (ﬁ) sin| sing 4 because € [ > 2].

)

4
@) sin(=%). = sin"Y(—sink) = sin!(sin(-F

2.4 Inverse of coesine Function

I
6

< [£3

I I —
L because 6 € [

E It
27 2F

We know that cos : R — R is many-one and range of cosine is [—1, 1]. So, it is not onto.

cos = {(x, Y |y =cosx, x € R, y € [—1, 1]} is a many-one function onto [—1, 1] with
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period 27L. We see from its graph that it becomes one-one and onto if the domain is restricted to
[0, 7] or [T, 27] or [2T, 37] or... [kW, (kK + 1)), k € Z

We shall take the domain of cosine function as [0, ] to define the inverse of cosine. So
consider the function cos = {(x, y) | y = cosx, x € [0, &], y € [—1, 1]}. This is a one-one and
onto function. So, its inverse exists. We denote its inverse hy cos™ 1.

S cos 1= {(», x) | ¥y = cosx, x € |0, ], y € [—1, 1]}. Thus, for x € [0, ®] and y € [—1,1],

¥y = cosx < cos ly = x.

The domain of cos ! is [-1, 1] and its range is [0, ®].

Like sine function, here also we have to remember that if y € [—1, 1]. cos 1y is not just any
real x for which cosx = y but only that x € [0, 7], for which cosx = y. For instance co. % = % and

J3

% € [0, m]. HenJc_e, cos_l[T) = %. But, cos(—%) = cas% = % But, —% & [0, m].
cos_l(Ts) #* —%.

cos : [0, | — [—1, 1] has the inverse cos™ ! : [—1, 1] — [0, T].
So, cos (cosx) = x, Vx € [0, 7] and cos(cos 1x) = x, Vx € [-1, 1].
Note that sin I(sinx) and cos™!(cosx) Y
exist, Vx € R, but they may not be equal -Lm M

to x. However, each will be equal to x in its
appropriate domains. [The above experiment

can be done with some appropriate change.] y =cos 'x
2.5 The Graph of y = cos 1x a,0)
We have discussed the method of X € _:1 o >X

drawing the graph of the inverse function
from the graph of the function. As in

the case of the graph of sin~! the graph
of cos™! as obtained from the graph of

y = cosx, x € [0, ] is shown in the ;;,
figure 2.5. Figure 2.5
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Example 2 : Obtain the value of : (1) cos™! (%) (2) cos™1 (—@j
: —1(a -
Solution : (1) cos 1(3) = cos ](cos%) = %, because % € [0, ).

(2) cos 1 (—g) = cos ! (coss?“) = STT':, because 5—“ € [0, m].

2.6 Inverse of tan Function

We know that fan : R — {(2k + 1)% | £ € Z} — R is many-one and range of fam is R.
So it is onto.
tan = {(x, y) |y =tanx, x € R — {(2k + 1)% | £ € Z}, y € R} is many-one function with

T T T 3N 3n 5w

period T and it is onto R. If its domain is restricted to (—?, 7) or (?’ 7) or (T’ T) or

((2k - 1)%, 2k + l)%), k € Z; it becomes one-one and remains onto R. So we can get its inverse

by taking one of these intervals as its domain. We shall take (—7, 2) as the domain and get the

inverse which is denoted by tan~!. So, tan! = {(y, X) |y =tanx, x € (——f’ 2) y € R}

Thus, for x € (—--121:——, 2) and y € R,

y = tanx < tan”y = x.

Domain of zan~! is R and its range is (h-g-, -’—2'_‘—)

. —1

_ sin_ x

L yanlx * = .
tanx cos X

Note : tan lx # (tanx)™! ie. tan x #

tan \(tanx) = x, Vx € (—%, %) and fan(tan'x) = x, Vx € R.
_Zy - _ _I -t

tan( 4) 1 and 46( 2,2).

So, tan 1(—1) ‘_T

But tan(Tn) = —1 does not imply tan 1(—1) = 3Tn as 371': & (—%, %)
tan_l(tan(—%)) = —%, because —% € (—%, %) and zan (tan_l(%)) = 5—?:35

)¢ 3L pecause 2L ¢ (—E E)

_1(
But ran tan % >

6

2.7 The Graph of y = tan 'x

The graph of y = tan lx is obtained by taking the image of y = tanx, x € (—%, %), y € Rin

—1

the line y = x. We get the graph of y = tan 'x as shown.
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Figure 2.6
2.8 Inverse of cot Function
We know that cof : R — {it | k € Z} — R is many-one and the range of cof is R. So cot is
onto. cot = {(x, y) |y =cotx,x € R — {kIt | k € Z}, y € R} is a many-one, onto and periodic function
with period 7t. The function becomes one-one and onto R, if its domain is restricted to (0, Tt) or
(T, 21) or (2|, 3M) or (kW, (kK + D), £ € Z. We shall take the domain as (0, ) and get the
inverse which is denoted by cor™ 1.
So, cof } = {(y, x) | y = cotx, x € (0, ™), y € R}.
Thus, for x € (0, ™) and y € R,
y = cotx < cof Vy = x
Domain of cor ! is R and its range is (0, 7).

cot Ycorx) = x, x € (0, T) and cot(cof 1x) = x, x € R.

Figure 2.7
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2.9

Note that cot_l(cot(%)) = %, because 3Tn e (0,

Also cot(%) =—1 & cof 1(-1) = 3%
cot(—%) = —1, but cot 1(-1) # —% because —% & (0, ).

cot_l(cot%t) #* 4Tn’ because 4TTC & (0, ).

However, cot(4Tn) = cot(ﬂ:+%) = cot% and % € (0, m).
~ AR _ —1( L) - I
So, cof (cot 3 ) cor | cot3 3

1

The graphs of y = cotx and y = cotf™ 'x are given in figure 2.7.

The Inverse of sec Function
We know that cos : [0, Tt] — [—1, 1] is one-one and onto.
sec : [0, TT] — {%} —> R — (-1, 1) is also one-one and onto.
sec = {(x, M|y = sex, x € [0, ]| — {%}, y € R— (-1, 1)} is one-one and onto.
Therefore inverse of this function exists and is denoted by sec .
So, sec™! = {(, x) | y = seex, x € [0, W] — {-g—}y € R — (1, 1)}.
Thus, for x € [0, ©] — {%}, y € R— (-1, 1), y = secx & secly = x.
Domain of sec! is R — (=1, 1) and its range is [0, &t] — {3—}

2
Also, sec(%) = \/5

So, sec_l(\/i) = %, because % € [0, ] — {%}

But sec(—%) = J2 does not imply sec_l(ﬁ )= —% because —% & [0, ] — {%}

Figure 2.8
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> }, sec l(secx) = x and for each x € R — (—1, 1), sec(sec 1x) = x.

For each x, x € [0, ] — {
Wenotethatx e R— (-, ) @ x<—-lorx21 & |x|21
The graph of y = secx and y = sec”lx are given in figure 2.8.
2.10 Inverse of cosec Function

We know that sin : [—%, %] — [—1, 1] is one-one and onto.

».  cosec : —7, 7 — {0} > R — (-1, 1) is also one-one and onto.

cosec = {(x, ¥) | ¥y = cosecx, x € [*-g&, -"',f-] — {0}, y e R- (-1, 1)} is one-one and onto.
Therefore, the inverse of this function exists and is denoted by cosec 1.
So, cosec™! = {(y, X) | ¥y = cosecx, x € [—-—;5-, E—] = sy e R = (=1; l)}.
Thus, for x € [—~2, 2] — {0}, y € R — (-1, 1).
y = cosecx <> cosec \y =
Domain of cosec ' is R — (—1, 1) and its range is I——2 > 2] - {0}.

- _I -
Also, cosec— = ./3’ € [ > 2] {0}.

1.2
12 _ X
So, cosec I EX

For each x € R — (—1, 1), cosec(cosec 1x) = x and for x € [—%, %] — {0}, cosec V(cosecx) = x.

The graphs of y = cosecx and y = cosec”!x are given in figure 2.9.

Y y = cosecx

>

y = cosec” lx

L
P

X

v 4

Figure 2.9

Example 3 : Evaluate : (1) tan_l(\/g) (2) cot_l(—\/g) 3) cosec_l(—%j

Solution : (1) tan_l(ﬁ) = tan_l(tan%) = % (

wld
m
T
0|3
w3

)
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2) cof [(—3) = cot_l(—cot%) = cof~ l(cots?“) =3 (Z € o, m)

3) cosec_l(—%) = cosec_l(—coseo%) = cosec_l(cosec (—%)) = —% ( - e [-——-’21:—, —-’23:—] - {0})

Example 4 : Evaluate : (1) cos™'(cosZE) (2) sin~Y(sin2E) (3) tan~(tanE)
(@) cor\(tanE)  (5) cos™I(sinE)
Solution : (1) cos™}(cos2) = 2L (2 € 10, =)
&) s sinZ) s ) @ « [-£.5)
= sin~Y(sinZ)
sin(sinZE) = & 553D
) tan™(1an3E)= ran(1an(~3))
- o -en(3)
- (-5
o {anF) - SRISE)
) cor YtanZ)= cor!(tan(2m — %))
- cor{cran)
)
= cor™Y(cor3E)
coran?E) = 35 (= 0. m)
(5) cos™V(sinZ) = cos™(cos(F—F))
= cos™(cos3E)
< cosT(sinf) = 3L (3L e 10, m)
Example 5 : Find the value of :
(1) cos(2sin™' 2)  (2) sin(2tan™1 %) (3) tan’(fcos13)  (4) cos(3cos™! )
Solution : (1) Consider cos(2sin™! 2).
Let sin '3 =0,0 € [-Z, £]. So sinf = 3.
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So, cos(2sin_1 %) = cos20

=1 —2e20 =1 — o2 = _1
1 — 25?0 = 1 — 2(%) = -4
. 7 _ll = —l
. cos(2sm 4) 3
(2) Let tan™' 3 0.0 € ( s 2). Then tan© =
2tan® 2%)
y _li = y = = = —40
So, sm(2tan 5) sin20 T+tan®® ~ 1+% 1
. 14\ _ 40
. sm(2tan 5) an
(3) Let cos_l% =0, 0 € [0, ). Then % = cos0O
o) 1-cos© -3 4-3
2(1 . —13) — 20y %7 _ 4 275 _ 1
So, tan (Ecos Z) = tan (2) 1+cosB 1+2 ~ 443 7

tanz(%cos_1 %) = %

(4) Let cos™

wIN

=0, 0 € [0, X]. Then cos® = %

So, cos(?:cos_1 %) = cos30

32-54 22

27 27

= 4c0s30 — 3cos0 = 4(%) - 3(%) =

s cos(3cosT12) = —22
( )

3 27

Example 6 : Express the following in the simplest form :

_ ll—cosx - cosx yi4 14
1) tanl[ _1+cosx],_n<x<7t (2)tanl(m’—?<x<?
1—cosx
Solution : (1) tan_l( 1+cosx] tanz%) = tan”(|tan £ |)

Case 1 : If—1c<x<01;hen—72c <§<0

. X
e tan2 <0
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CaseZ:IfOSx<7l‘,,thenOS%<

N

S tanXx 20

) = tan! (tan%) = %

=
A
[E]
A
(S
S

cosx # 0, why ?
2

_,[ [L=cosx % 0<x<Tm
tan T+cosx | = X
- —M<x<0
2
2X iy 2X
X _ gin ‘&
() tan 1| TELE_ | = g1 —
1+ sinx cos *%£ + sin *% + 2sin £ cos £
( X iy X X 71 X
(cos % + sin 7)(cos? — sin T)
= tan! 2
X 2 X
\ (cos?+sm7)
( X - x
. cos;—sm;]
= tan~ X - X
\COS7+sm?
. l—tan%]
= tan x
\1+tan7
— o1 l_l)
= tan (ta"(4 2
I i L~ _X n
Now, 2<x<2.Hence ) 2<4

Exercise

1. Evaluate :

%)) tan—l(%j

) tan{(—43)
2. Evaluate :

) sin_l(—

N =

)
)

2) sin~\(cosZ)

5) sec_l(

Sl

@) tan1(tanF) (4) sec™! C"S“(%)j
3. Evaluate :

(1 sin(2tan_1 %) (2) tanz(%cos_1 %)

@) sin(2c0s7' &) @) tan?(}sin”' %)

(3) sec 1(—=2)

(6) cosec_l(—ﬁ )

5 sin(3 sin”1 %)
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4. Express in the simplest form :

cosx — sinx
-1 ——| _= b8
tan (cosx+smx)= T <x*x<Z

2.11 Values of Inverse Trigonometric Functions for —x

‘We have seen that by restricting the domain and codomain of a trigonometric function, it can be
made one-one and onto, which is the necessary and sufficient condition for a function to have its inverse.
Also, we have restricted the domain in such a way that the domain of each trigonometric function

contains (0, %) as its subset. By doing so, we always have the value of each inverse function in

(0, %), whenever the value of the function is positive. We also make a note that the domain of all the
inverse trigonometric functions are such that x belongs to the domain if and only if —x also belongs
to it. This is because the domain is [-1, 1] or R or R — (=1, 1), ie. [x| <1 orRor |x| 21
respectively. If A is in any of this set, then x € A & —x € A.

The values at x and —x of every trigonometric inverse function are related as shown in
the following theorem.

Theorem 2.1 : (1) sin~l(—x) = —sin"lx, x| <1
) cosI(—x) = ® — cos”Ix, x| <1
(3) tan1(—x) = —tanlx, x € R
(4) cof I(——x) = m — cof lx, xE€ER
(5) cosec 1(—x) = —cosec \x, [%] 2Z %
(6) secI(—x) = m — sec”lx, | %] 2= 1

Proof : (1) x| =1
Suppose sin lx = 0. 0 € [—%, %] Then x = sin0.

sin(—0) = —sin0

s sin(—0) = —x @)
I T I I
Ge[ 2’2]=> 2 =03
=L2-62-2
< I
= -2<-0<7%
—0 € [-Z, Z] and |x| = | x| Hence [x| <1 = |=x| <1
o s _ T T
By (i), sin(—0) = —x (—9 B [——i—, E-], |—x| < 1)
sin 1(—x) = =0 = —sin"lx
sooosin i (—x) = —sin"lx

(2) Suppose cos"lx=0.0 € [0, 7], | x| < 1. Then x = cos®
Also, cos(t — 0) = —cos0,
s cos(M — 0) = —x @)
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Oe[0,t] >0<0<T7
=02-02-x
=S>nT2MmM—0)20
=>0<(-0<m
(@ —0) e [0, 7] and |x| = |—x|. Thus [x| < 1 = |—x| < 1
By (i), cos(t — 0) = —x mM—-—0 €0, =], |—x|=<1
cos I (—x)=T — 0 =7 — cos" Ix
1

cos {(—x) = T — cos 'x

(3) Suppose tan 1x =0. 0 € (—E, %), x € R. Then x = tan©®

2
Now, tan(—0) = —tan® = —x )
0e (-£.L)=>-L<0<Z
= ? >—-0> ——
-0 € (—%, 7) and x € R. Thus—xG R
By (i), tan(—0) = —x (—9 = (——g-, -72!'-), —x € R)

tan Y(—x) = =0 = —tan"Ix
tan Y(—x) = —tan"lx
Slrnllarly we can prove (4), (5) and (6).

Example 7 : Evaluate :
() sin~Y(~3) 2) c"s_l("é) @) tan_l(_ﬁj () cof\(=1)
Solution : (1) sin—l(—%) - _s,-,,—l(i) --&

2) cos_l(—%) =1 — cos_l‘/3 =7 — % = 3N

A3) fa"_l(_%j = —tan_l(% = —%

2.12 Values of Trigonometric Functions for -‘%

Now we get relations between the values of trigonometric inverse functions at x and at L

when x # 0.

Theorem 2.2 : (1) cosec x = sin! -il.-, x| 21
(2) sec”x = cos™! -_-,{.-, |x]| 2 1
(3) (@) cof 'x = tan1 L, x>0

(b) cof Ix = ran—'-l- +n, x<0

Proof : (1) Let cosec lx =0, 0 € [— ] — {0}. Then x = cosecO. | x| 2

2’ 2
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2)

3

x| 2 ISox¢0and|%|_1.

cosecO = x

sin® = 1
0 =sin ! @<([53-wcFs i3]
cosec \x = sin”! i
Let sec lx =0, 0 € [0, ] — {%}, |x| 2 1. Then x = secB®
|x| = 1. Sox¢0and|%|S1.
secO® = x
cos® = +
0= cos_li e (omn—-{E)com,||=<1)
sec lx = cos™1 L
(a) Letcof 'x=0,0 € (0,%), x € R
. ocot® =x
x > 0 and hence x # 0. So % € R.
o tan® =L  and 0 € (0, M)
Now, since x > 0, tanB = ; >0
Also 0 < © < T. So we must have 0 < 0 < L, (tan® > 0)

2
Thus, tan® = %, 0 e (0 E) c (—E ﬂ)

72 27 2

s 0= tan] (%)
s cof x = tan™! %
(b) As we have seen above, if cof 'x =0, 0 € (0, T), x € R, then cot® =x.

Since x < 0, cof® = x < 0. Thus, tan® < 0 and 0 € (0, T).

This means that % <0<m
%—n<(6—n)<n—n
—§<(e—1c)<o
ie. 0—me (—— )

tan(0 — T) = tan0 =

_T T 1
> Z)andx € Rasx#0

(Period of fan is )

xln-’ ™

s tan(® — ) = ;

L 0-—T= tan_li (@ -=me (-% L)

: € R)

i
x
tan_li =cof Ix — T

+. Forx <0, cof Ix = tan™! i + TT.
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(Note : We can derive from this theorem that

(1) sin"'x = cosec 1%, x € [-1, 1] — {0}

@) coslx = sec 1L, x € [-1, 1] — {0}

Il

3) (a) tanlx cat"l-_%:, x>0

(b) tan1lx = cot_l-}.- —TMx<0
2.13 Formulae for Value of Trigonometric Inverse Functions for Complementary Numbers :
Theorem 2.3 : (1) sin lx + cos lx = %, x| <1
(2) cosec x + secx = -’2'5, 2] =1
(3) tan'x + cof 'x = %, x€R
Proof : (1) Let sin 'x=0.0 € [—%, %], |x| < 1. Then x = sin®
cos(% - 9) =x
Now, 0 € [—% %] =-2<6

IA
MY

2
(E - G) € [0, W] and | x| < 1. Also cos(% - 9)=x
cos Ix = % 0= % — sin"x

sin " Ix + cos 1x = %

(2) Letcoseclx=6,0 e [—%, %] — {0}, |x| =2 1. Then x = cosecO

sec(Z — 0) = x
Now, 0 € [, Z]- {0} = -2<6<Z,06%0
=>%2—92——,6¢0
>n2(£-6)200%0

Also%—ﬂ#%asﬂio

%—QE [0,1[:]—{%}, |x|21audsec(%—9)=x.

sec lx = % -0
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S 0+ secIx = %

s cosec x + sec lx = %

s _ — .- _ 1
or we think in another way as, cosec”!x + sec \x = sin 1% + cos 1% ([x] 21= T £ I)

-z (By (1))
(3) can be proved similarly as (1).
2.14 Addition and Subtraction Formulae
Theorem 2.4 : If x > 0, y > 0, then
(1) tan'x + tanly = (x+y ] if xy < 1
X

1l

(2) tan lx + tan™ly + tan1 (I xy] if xy > 1

(3) tan x + tanly = &, if xp =1

pony
(4) tanlx — tan_ly = tan™! ("_'Z“)
Proof : Here, x > 0, y > 0.

Let tan 'x = 0t and tan” 1y = B, a, B € (—%, %)

s tand=x>0and tanf =y > 0

As tand. and tanf} are positive and O, B € (—%, %)’ a, B e (O, %)

tana+tan  x+y
1—tanotanp ~ 1—xy

Let x>0,y >0 and xy < 1. Hence, (1 —xy) > 0 and x + y > 0.

(1) tan(Ol + B) =

. x+y
S Toxy

Alsoo, Be (0,%) o<a<Zado<P<Z

> 0. Hence, fan(0. + B) > 0

s 0<a+PB<m

But tan(0. + ) > 0. Hence, 0 + B € (0, %)

+
Thus, tan(ot + B) = = x_}y’
. 1 Xt T = A -
Soo+ Beran 75 (@+pBe(0X)c(-£ 1)
+
S tan x + tan”ly = tan_l(lx_xi’,).
(2) tan(—1 + o + PB) = tan(o + B) (T is a period of tan)
_ _tana+tanf
" 1—tand tanf
+
s tan(—Tm+ o+ B) = lx_);
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Now, x> 0,y > 0. Also, xy > 1.80, 1 —xy <0
x+y
1—xy
s tan(-T+ o+ B) <0

Now o, B € (0, T).

<0

. T T
So0<a<Zand 0<P<Z

o<o+B<m
L <o+ P-m<O
But, as tan(-T+ 0+ B)<0,—-Z <o+ P -7 <0.
So, o + B-me (-£,0)

Xty

Thus, tan(- + 0 + Py =755, a+B-m e (-Z. 0)

2’

. _ 1 (xtYy
s —+ o+ B=tan (l—xy)

. _ -1 x+y
oot B=ran (l—xyj + 7

x+
tan " x + tan_ly = tan_l(l_x;)) + T

(3) tan x + tan_ly = tan x + tan™! i

1

D

tan Ix + cot lx (x>0

Cy

T

2

(4) As we have noted O, B € (0, %)
Thus,0<0(.<%and0<|3<%.so_%<_[3<0‘
0<a<%and_%<_|3<0_

L E<@-p<E

Thus, (@ — B) € (_%’ %)

B) - tano — tanf

tan(0. — P) = T ana tanP

e tan(@ = B) = 1555 a-Be (-£. %)

(1— = tan~ ( ) (ﬁ_—yeRandx>0,y>0;soxy#€—1)

x f—
s tan Ix — tanly = tan_1(1+x§:)
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Example 8 : Prove :

12 1 7T — 4511
(1) tan 11 + tan " tan (2)
—1 1 ~11 - 3¢
(2) cof > T cot " 3 y
-11 -14 -19 -1
(3) tan 7+tan 7+tan = >
Solution : (1) L.H.S. = tan™] 12—1 + tan™1 %
&t % o0
— 11 24
= tan™! | 2 (T{x"ﬁd)
11 24
48 + 77
= tan~! (264_14 tan 1(%) = tan 1% = R.H.S.
(2) LHS.=cof 'L + cor '
= tan 12 + tan™13 2>0,3>0)
2+3
=1t+tan_1(mj 2Zx3>1
=T + tan 1(-1)
=T — tan 1 (1) (tan ! (—x) = —tan 1x)
T 1 I R.H.S
(3) LHS. = tan_I% + tan_l$ + tan 12
7 7
= tan™! 7|+ tan 12 & 502 g
7+ 28
= tan~1 (49_4) + tan_l-%
= 1 (35 -1(2
= lan (45) + tan (7)
-1(1 1{2
= fan (9) + tan (7)
-t _ Tsse & =
=2 =RHS. (9 X 2 =1)
Example 9 : Prove that : 3sin lx = sin"1(3x — 4x3), if —% <x< %
Solution : Let sin 'x=0.0 € [—%, %], |x| < 1. Then x = sin@®
Now, sin30 = 3sin® — 4sin30
s sin30 = 3x — 4x3
-1 1 in (—& i in I
Now, — <x< > =>sm( 6)Ssm9 < sin 2
< ¥4 in i in (X, &
6_9S6 (sm:s?m(z,z))
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Since sin30 = 3x — 4x3, —% <30 < %
30 = sin 1(3x — 4x3)
<o 3sinlx = sin 13x — 4x3)

1 a—Xx
a+x

Example 10 : Prove :(1) tan™ = %cos_lf, —a<x<a, ac Rt

) cof! J1+ sinx + J1— sinx _E_x Rcycq
J1+ sinx — J1— sinx 2 2

4 ,/1+x—,/1—x - 1 |
(3) tan Jtx+l—x = — 7cos x, 0 <x <1
. L . —1 a—x _
Solution : (1) Consider tan 2T s 2<x<a
—a<x<a=>—1<%<1 (@ € RY

X —
Xe(-1,1)

<. d0 € (0, 1) such that cos9=§ or O =cos_1%
0<0<mSo,0<d<

a—x _, |a—acos6
a+t+x a+acos 0

I
~
Q
S

Now, tan!

Il
=~
§

AN

e
+‘I
ol
QIS
12N R%]
[« ] R}

= tan! tanzg

= tan~! | tan% |

=tan1(tan%) (0<£ <X
-3 Fe@3<=%3%)
= %cosﬂ%

(2) LHS. =cor’! J1+sinx+J1—sinx] T <cx<T
Ji+sinx — Ji—sinx |’ 2
= cot™!

= cor 1
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As,£<x<n=>ﬂ<l<%

co. <sm2 andcos—>0 sm >0
(cos% + sin%) - (cos% - sin%)
= —1 X — gin X| = — X — gin X
cot (cos§+sin§)+(cos§—sin%) ( Icos g 2| (cos g ))
= 1 X
cof (tanz)
_ 1 _x . . X s
= cot (COt(z 2)) (0< 5 5 <71_)
- X _T T _ T T _x
Now, 4> 2> 2.So,2 4>2 2>0
. R _x i
. 0< > 5 < Z-
. LHS.= % — £ =RHS

(3) Consider tan—

Em—m

,/1+x+,/1—xJ’ 0<x<1

Let O = cos™1x, O € [0, t]. x € (0, 1). Then x = cosO.

L.HS.

tan

tan

tan

—1

—1

—1

J1+cos® - J1—cos®
\‘/1+cos6 +y1—cos8

JZco J2s 2
‘/2cos >+ J2sm2

)

vl Nlo

~|<D ~|<D

|cos—|+|
\

As,0<x<1 = 0<cosb <1

Also, — &

So,0<(%—%)<

4

L.H.S.

= cos% < cos 0 < cos0
=>0<9<%

8. x
=>O<2<4

<-2 <0
=
4
cos® —sin8
= tan_l[ 3 g
cos3 + sin
1—tan
= lan 1[1+tan%]
= tan™! (tan(%—%))
=%—%=%—%cos lx = RH.S

(cos is 4 in the 1st quadrant)

0|
s[4
S

(cos?

3 # 0. Why ?)
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2.15 Inter-relations Between the Inverse Functions

J = tan J_—xz,lfﬂ<x<l.
2) cm‘x“smlJ =r¢m‘II ,if0<x<1.
J_ i

(1) sinlx = cos™

iI

(3) tan— cos ,if x>0

Proof : Suppose, sin lx=0,0 € [—%, %] and x € (0, 1). So sin® = x
Also, sin® = x > 0. Hence, 0 € (0, %)
Also, cos?0 =1 — sin?0 =1 — x2

cosO = J1- 42 (cose > 0 in (l], -g—))

1—x2 (9 & (0, 12"1), 1< Jl—xz < ])

sin©

Also, tan® =
cosO
tan® = = =
1-x

9=tan_1'/1i67 , as 0 € (0, %)

—1 1

X = tan~ ,/:7

Similarly (2) and (3) can be proved.

L. sin

Example 11 : Prove : sin_I% + cos™! 15 + sin ! gg = %
LHS. =sin" 12 + cos™! 15 + sin”! gg
3 225 36
—_ — 289 —
= tan" ! _l+tan1 T T & 11362
25 17 852
- —1 /289 —225 1 36
tan 5_9 T tan s + tan 7 — 36
= 1 l —1 L 1 3_6
tan " + tan 15 + tan =
JE R
_ -1 4 15 -1 (&) 3 8
= tan 1—%x% + tan Z] (4x15<1)
45+ 32
— —1 1 3_6
- o () + ()
tan (36 + tan |3
=X — FL o 80 1=
2~ RHS (Fx %=1
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]Exercise 2.2 [

Find the value of :

1y sir 1B — cos [~ L) + 2an1(1y
2 2
2) 3sin_1% + 4cos™! é + sec 11
s 1 b1 1 _ -1 () — -1-L
(3) cof ' (1) + 3sin > cosec” ' (—2) — 3tan 3
(4) 5cos™! (—é) — a1 (—3) + 3sin1(1)
(5) cos (sin_1 (—%)) + sin (tan_1 %) + cos (cosec_1 %)
in (& — -13 Ar _ 12 -17
(6) sin (2 cos 7) + cos( > sin 7) + cot(tan 6)
i sindk —1 n —1 in
(7) sin (szn 3 ) + cos (cos 3 ) + tan (tan 3 )
Prove :
-14 -12 _— 122
(1) tan 5 + tan 3 tan =
(2) tan 5 + tan 3 tan" 5
(3) tan > + tan S + tan 3 )
(4) tan 3 + 2tan 7 3
11 11 _ —11 — 121
(5) tan 5 + tan 3 tan " = tan " o
11 -11 —11 -11 _ T
(6) tan 5 + tan o + tan 3 + tan I
Prove
14 135 — 41 (36
(1) cos 5 + sin 33 tan ( 3)
(2) sin 1% + cos_I% = cof 1(%
(3) 2sin 13 cos” " 160
13 -124 _ T
(4) 2sin 5 + cos 55 >
(5) 2cof 12 + cosec_I% = %
in—13 i1 8 -136 - T
(6) sin 5 + sin 7 + sin 35 >
Prove :
(1) 2cof 1L +tan 13 =g
3 4
2) cof 11 + tan 12 + cot_I% =T
~11 1., ~112 _ =
(3) cof 5 + 2cot 5 >
. 112 -14 -163 _
(4) sin 13 + cos 5 + tan 16 T
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Example 12

cos'a + cos1b + cos™!

: Prove : c =
where a, b, c € [—1, 1].
Solution : Let cos la = O, cos b = B, cos™lc =y
a = cosQ, b = cosPB, ¢ = cosy
Now, cos la + cos™1b + cos™lc = &
Lo o0+B+y=T
T o+B=mw—vy
cos(QL + |3) = cos(Tt — )
S cosOL cosB — sinQL sin[.)) = —cosy
s cosQ cosP + cosy = sinQ. sinf3
(cosOL cosP + cosy)? = sin’O sin’[3
S (@bt =1—-dd)(1 - bd
a’b? + 2abc + c% =1 — a® — b2 + a?b?
@+ b + 2 + 2abc = 1

Solution : L.H.S.

= cosec[tan_l(cos (cot_ 1 (sec (sec_1

=)
= cosec[tan_l(cos (ta”_l m ))]

1

= cosec[tan_l(cos (cot_1

= cosec[tan_l(cos (cos_

_ 1
= cosec(tan 1 > )
J 2—a

1

1_ az)
1
y
2

2
’1 +
2
= cosec(sin_l ;)
J3 -a

= cosec(cosec_l 3_q2 )

= cosec(sin_

= J3-4? = RHS.

Example 14 : Solve the following equations :

(1) tan W3 + 2an"x = 5?“

Solution : (1) tan_lﬁ + 2fan 1x = 5?713

I -1, — 3T
3 + 2tan 3

T = a2 + b2 + 2 + 2abe

Example 13 : Prove that cosec[tan Y(cos(coi (sec(sin ! a))))] =

cosec[tan Y(cos(cot V(sec(sin™! a))))]

1
‘ll—a2

)]

Miscelleneous Examples :

=1,

[, B, Y € [0, 7]

3_qg2, where 0 < a < 1.

(tan_lx

(mn_lx

(2) tan 12x + 2tanx = %

(sin_l a

cos 1 J1 - 42 )

INVERSE TRIGONOMETRIC FUNCTIONS
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Soox=1
Equations involving inverse trigonometric functions can also be solved. However, as the domain
and range of such functions are restricted, one must always verify the answer by substituting the

solution in the original equation.
Verification : Putting x = 1 in the given equation,

= fo—1 -1, — T Iy_&X 4 | _ 5T _
L.H.S. tan \E + 2tan” 'x 3 +2(4) 3 + > 3 R.H.S.

. The solution set is {1}.
(2) tan 12x + 2tanIx = %
We observe that if x = 1, then 2tan 1x > 2 - % = %

that is tan 12x < 0 which is not possible. Since x = 1.
If x <0, LHS. <0, RH.S. > 0. This is not possible.

S 0<x <.

Now, tan 12x + 2tan x = %

o tan 2% + tan Ix + tanlx = %

x+x

s tan 12x + tan™! (l—xz] = % 0<x2<1)
© tan 2% + tan V|5 | = B
T 1—x? 2
We know that, xy = 1 < fan”x + tan”ly = %

. _2x

2x 1— x?

S Ax2=1—x2

. 5x2 =1

. x2= %

Verification : Taking x = 5
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LHS. = tan = + 2tan—lﬁ

2 —1-L —1-L
tan + tan 5 + tan 5
L4 L
2 | EE
an 1
5 1-5

2 (5445
=tan T + tan 51

Il
g
—_
Sl

5
= tan 1% ~145
tan 5 + tan >
—— L —-_
> R.H.S.

The solution set is {%}
Example 15 : If 0 < x < 1 and if tan™1(1 — x), tan " 'x and tan~1(1 — x) are in arithmetic progression,
prove that x3 + x2 = 1.
Solution : As tan }(1 — x), tan"'x and tan (1 — x) are in A.P.

2tan x = tan™ (1 — x) + tan~ (1 + x)

1—-x+1+x
tan”lx + tan”Yx = tan™! T 1" A-2>0,1+220,0<1 =2 <)
_ 2 _

. tan 1(1_’;2) = tan 1(%) 0<x2<1
IEJ; > = ﬁ (tan~! is one-one)
x3=1—x2
B+ x2=1

Example 16 : Solve cos x + sin12x = %

Solution : cos™lx + sin~12x = %

Let cos x = o, o0 € [0, T]. Then, x = cosCL.

sinQl = ‘/1_00520( = Jl_xZ (sinat 2 0 as oo € [0, 7))

Let sin 12x =B, B € [—%, % . Then, 2x = sinf.

cosP = ,1_4)‘2 (cosB >20as P e [*-275, %‘])

Now, cos Ix + sin~12x = %

a+p==%

sin(0t + B) = sin%

sin® cosP + cosOL sinP} = %

sof1m2? J1-ax? F a0 =}
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Verification : For x = 1

J1-22 J1-ax2 =3 - 222

Ji-5:2 442t =1
— 2 4 — (1 _ 2
1= 5x2 + 4xt = (1 — 222)

1= 5x2 + 4x* = L — 2x2 + 4x*

— 2x2

2-3
3x )
=1
x2 7
=+l
X= =3

DX

L.H.S. = cos 5 + sin 1 3 + 2 #* 3 # R.H.S.

For x = —=

1
2,

The solution set is {_%}

Exercise 2

Prove :

1)
2)
3

C))

)

(6)

)

3

®

sin—1(2x 1—x2) =2sin"lx, |x|< %
cos 12x2 — 1) = 2cos™ Ix, 0<x<1
cos 1(4x3 — 3x) = 3cos lx, % <x<1

2
cor! [_v/“x‘lj - _ 1

x 2 T pflan

I

. 2X —
sin 1(1+x2J = 2tan" lx, x| €1

L (3x=x3 _ 1
tan~1 I — 3x2 =3tan x, 0 < x < ﬁ
/J T 0
1+ Sinx + {1 - sinx
—1 =X r
cot J1+sinx—‘/1—sinxj 2° 0<x< 3
1+ CcoSx + /1 —cosx
tan™! J v = _x gp<x<33&
( 1+ cosx — 1 -cosx 4 2 2
/
. i+ 22+ i-x2 .1 Lo
tan~ ==+ =cos x5, —-1<x<I1
Ji+2 - Ji-22 | 4 "2

64

MATHEMATICS 12



acosx — bsinx
—p | LA ORI | -1(a) _, _Tt T a —
(10) tan [bcosx ; ] tan (b) x, =5 <x <3, b tanx > —1

A

(1) sin~1 M
2
(1) If tan % + tan 'y + tan 'z = T, then prove that x + y + z = xyz

=D _ I
4+x, 4<x<4

— -1 4 —
(2) If cof TL yocorl— + cor1d
X y z
(3) Ifcor la+ cof b+ co lc=m

= %, then prove that xy + yz + zx = 1

, then prove that ab + bc + ca = 1

c—a

b+1 bc+1 +1
(4) If a> b > ¢ > 0, then prove that cot_l(‘;_bj + cot_l(bc_cj + cot_l(ca ) =T

(5) If tan™! % + tan™! ';% + tan™! chy_r = %, then prove that x2 + y2 + z2 = 2,

(6) If tan™! %+tan_1 5—2+tan_1 % =T, then prove that a + b +c=r. (a b, ¢, ¥ >0)

(7) If sin"lx + sin”ly + sin"1z = T, then prove that xJ] —x2 + le_ y2 + zJ1 —z2 = 2xyz.

(8) Prove that tan(%+%cos_l%) + tan(%—%cos_lﬁ) = %

n
- 1 —
(9) Prove : 2, tan l(m) = tan \(n + 1) — %

r=1

(10 tan_l(%tanZA) + tan l(cotA) + tan"l(coPA) = | 0, if % <AL %

T if0<A< %
Solve the following equations :

_lx—l _1x+1
xX—=2 x+2

(1) tan

(2) tan 12x + tan~13x = ¥ L
(3) 2tan N(cosx) = tan 1Q2cosecx)

(4) sin"x + cos 12x = %

112
X

(5) sin_I% + sin™

R

6) tan Yx + 1) + tan lx — 1) = tan_I%

(7) tan 12x + tan”! (xLJ -z

Select a proper option (a), (b), (¢) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

Section A (1 mark)

1) sin(3sin_1%) = ]

@ 2 ® 1 © Z @ 28
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(2) If sin 1x = % for some x € (=1, 1), then the value of cos lx = ...... =3
@ & (b) 3L © & ) &

(3) secX(tan™12) + cosec®(cor 13) = ...... . 1]
(a) 15 ®) 6 ) 13 (d) 25

(4) cos l(cos%t) = e . 1]
@ Z ) () —% @ &

(5) The domain of cos™! is ...... . 1
(@) (=00, ) (b) [0, 1] (©) [0, m] D [-1, 1]

(6) The range of tan™! is ... . 1
(a) (-, ™) (b) R © (0, ™) @ (-£. %)

(7) The value of cos_l(cos(—%)) is ...... . 1
@ -% ® % () & (@ 2

(8) sin_l(cos%) is equal to ...... . ]
@ & ® £ © X @

(9) The value of sin~ (smsTn) is ...... . 1
@ —% (b) 2 © % @ 2

(10) cos(cos_l(—%) + sin_l(—%)) is ... . 1
@ 5 ® % © 0 @ —3

(11) co (%) + 2sin (‘/5) is ...... 1
(@ OF+ (©) 4 @ “F

(12) sin~ (sm%t) is ... . -
@ & ®) L © =% @ =

(13) sm{% — sin~ (— )} is .. : -
@ 0 ® 1 OF: @1

(14) Value of sin(cos 1 g) is ...... . .|
@ 7 (b) 2 () % @ 2

(15) Value of cos(tan_1 %) is ... . 1]
(@ 2 ® % © 2 @ 2
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Section B (2 marks)

(16) 2tan™ 15 + tan™! % = ... 1
@ & ) 2E © ™ @z

(17) If sin x + sin"Ix = ZTE, then cos™lx + cos”ly = ...... 1
@£ ®) & © & @mn

(18) If 4sin 1x + cos lx =T, then x = ...... 1
@ —% ®) + © —% @ 3

(19) sin(tan_1 (tan 77“:)) + cos (cos_l(cos 7Tn) = . .
@ -1 () 0 © 1 @ L

(20) If cos(2sin"x) = l, then the value of x = ...... 1
@ 3 ) 2 © 3 (@ 1

(21) The value of sin[2sin”!(cosA)] is ...... -
(a) sinA (b) cosA (c) cos2A (d) sin2A

(22) The value of sin[3sin_1(%)] is ...... ]
@ —2 b) 2 (©) —5= (d) 5=

(23) tan‘l(—tan BT") is ... |
@ —3 (b) 2 (© —3% @ BF

24) sin_l(sin 3277‘) is ...... 1
@ ®) T (©) ¢ ORS

(25) Value of cos[% + cos™! (—%)] is ... -

J3 - - J3

@-L (b) S (0 Lt @ S

(26) tan 12 + tan™13 is ... ]
@ -Z Ok ) & @

(27) The value of sin [tan_l(—‘/g ) + cos1 (—gj is = ...... 1
@ —1 (b) 0 © 5 @1
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(28) sin~! % + tan 1 = is ...

1
7
@ % ®) % ©m

29) The value of tan(cos ! 3 + sin 12 — sec™!3) is ......
4 4

@ 75 ® 75 © 375

(30) The value of sec [tan_1 [Ztgj — tan! (%)] is ......
(a) 1 ®) V2 ©) 2
Section C (3 marks)
(31) The value of cot [% - 200t_13] is ...

(a) 3 (b) 7 () 9

(32) tan_l[%] - tan_l(

@ & ® £ ©Z

® | %
+] 1
<=
N~
I
N
< =
v
o
Ne—

33 Ifx= l, then the value of cos(2cos™x + sin"lx) = .....

@ |3 ) % © L

34) cos_l(%) + cosec”! (i) = I then the value of x is ......

4 2°
@1 (b) 3 ©S5
(35) The value of cot (cosec_lg + tan_l%) is ...
3 4 5
@ 55 ®) = © 5=

(36) tan (2cos_l é) is ...
8 24 7
(@ 3 (®) 55 © 35
(37) The value of tan [%cos_lg] iS o

@ 22 (b) 255 © 22

2
(38) If 0 < x < 1, then tan~! (—Jl"x) iS o

1+x

— 1-x
(a) %sin_1 1-x (b) %cos_lx (©) Leor? (1 Tx

2

“

(d) sin™1 %

@ 575

@) 4

@ 2

@@=

@ 3

4

@ <

@ —%

@ J§4+ 1

@ gan~" (3)
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(39) If costanlx) = 1 then the value of x is ......

@ 75 b 1-3
(40) The value of tan {sin_l(%) + cos_l(%
@ =% -2

(41) If sin_l% + cosec_l% =2 then x is

(@) 1 ®) 2

©1-7 @ V3

© —$2 @ -

.....

(©3 (@) 4

(42) sin"Ncos(sin~1x)) + cos (sin(cos™1x)) is ...

(@ 0 ®) &

© % @ &

Section D (4 marks)

1- sinx + |1 + sinx
—1 _ i
(43) cof (JI_SW_JHSWJ ...... (0<x<Z)
(@ % () & —2x (c) 21 — x r-3%
(44) If sin~! % = 2¢tan”! % + cos™! %, then x = ......
@ 2 ® I () 12 @ -1

45 If o = cos_l(%), B = tan—l(%), oL, B € (0,%), then Ot — B =

(b) tan™! (%)

(46) Match the following :

(a) sin_I%

(c) cos™! (#J (d) sin1 ( b

Column (A) Column (B)
() tan (1) + tan~1(L) @ Z
) sin_l(%) + sin_l(%) + sin_l(g—g) (b) T

@ i+ cor (-4) + s (4

@ 2tan™\(5) + tan ()

(@1l-¢,2-b,3-d,4-a
(c)l-¢,2-a,3-b,4-d

(b)l-¢c,2-a,3-d,4-b
d1-a,2-b3-d,4-c¢
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(47) tan (Ztan 5 4) ...... 1
@ 3% ) = © & @ %
(48) If sin”1(1 — x) — 2sin” 1x = % then x is ...... 1
-1 1 1
(a) —2 ) 0 © 1 @ 1
(49) The number of values of x satisfying the equation
tan Y(x + 1) + tan x + tan Y(x — 1) = tan 13x is ...... ]
(a) 2 (®) 3 () 4 (d) infinite
(50) If cot Ix + corly + cor 1z = %, thenx +y +z = ... ]
@xy+yz+zx (b) 1z @i+t 4+l (gHExRtz
X y z 3
(51) If sin ! ( 2"2J + sin~] ( 2b2J = 2tan x, then x is ...... 0<ab<l) ]
l+a 1+b
a—b a+b b b
(a) 1+ ab (b) 1—ab (C) 1—ab (d) 1+ ab
"

We have studied the following points in this chapter :
Definition of inverse trigonometric functions.

2. Graphs of inverse trigonometric functions.

3. () sinN—x) = —sin"lx, x| <1
Q) cos i (—=x) =7 — cosIx, |x|<1
B) tan W(—x) = —tan"lx, x€ R
@) cofl(—x) =T —cor'lx, x€ R
(5) cosec Y (—x) = —cosec lx, |x| 21

6) sec l(—x)=T —sec’lx, |x|21

4. (1) cosec lx = sin_lé, x| 21
2) sec lx = cos_li, ozl =1l
3) cot x = tan_li, x>0
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5. () sinx + cosTlx = % [x] <1

@) cosec lx + seclx = % [x] =1

B) tan x + cof lx = %, x € R
6. Ifx>0,y>0, then

(1) tan x + tan_ly = tan~1 (lx_t; ), if xy <1

Q) tan 'x + tanly = T + tan™! (lx—-’-x;) ), if xy > 1

B) tan 'x + tan ly = %, if xy =1

x_
@) tan x — tan_ly = ta"_1(1+x§)

) o —1/ = fol =E— "4
7. (1) sinlx =cosT1f1- 42 = tan 1_x2,1f0<x<1

2
~ly = sin ™l []_ 2 = =2
(2) cos 'x = sin 1—x tan = ,if0<x<1

|
s

B3) tanx

Il
o
Q
1)

N

Il

(54

Srinivasa Ramanujan : Adulthood in India

On 14 July 1909, Ramanujan was married to a nine-year old bride, Janaki Ammal. In the branch
of Hinduism to which Ramanujan belonged, marriage was a formal engagement that was consummated
only after the bride turned 17 or 18, as per the traditional calendar.

After the marriage, Ramanujan developed a hydrocele testis, an abnormal swelling of the tunica
vaginalis, an internal membrane in the testicle. The condition could be treated with a routine surgical
operation that would release the blocked fluid in the scrotal sac. His family did not have the money
for the operation, but in January 1910, a doctor volunteered to do the surgery for free.

After his successful surgery, Ramanujan searched for a job. He stayed at friends' houses
while he went door to door around the city of Madras (now Chennai) looking for a clerical position.
To make some money, he tutored some students at Presidency College who were preparing for their
F.A. exam.

In late 1910, Ramanujan was sick again, possibly as a result of the surgery earlier in the year.
He feared for his health, and even told his friend, R. Radakrishna Iyer, to "hand these [my mathematical
notebooks] over to Professor Singaravelu Mudaliar [mathematics professor at Pachaiyappa's College]
or to the British professor Edward B. Ross, of the Madras Christian College." After Ramanujan
recovered and got back his notebooks from Iyer, he took a northbound train from Kumbakonam to
Villupuram, a coastal city under French control.
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