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It is easier to square the circle than to get round a mathematician.
— Augustus De Morgan

Our notion of symmetry is derived from the human face.
Hence we demand symmetry horizontally and in breadth only not vertically nor in depth.
— Blaise Pascal

4.1 Introduction

If you are asked about your weight in kg, you can use a real number such as 55 to answer the
question. Again if you are asked for your height in cm, your answer is another real number say 135.
One way to organise these data is to use an order pair. You can represent your weight and height with
the order pair (55, 135). The elements of this order pair indicate the information such as weight and height
respectively. If we want to include your age in years say 16, then we have order triplet (55, 135, 16).
The elements of this triple indicate the information such as weight, height and age in the sequence
for an individual. We can write them in a row, like [55 135 16] or in a column, like | 55

135
16

If the above questions are asked to three or four individuals named Rita, Raman, Rahim and John,
then the informations can be collected in the order triples as (55, 135, 16), (58.5, 140, 18), (59, 138, 17)
and (60.5, 155, 20) respectively. However, it will be nice if we can combine all these triples together
in one set of data. If we consider each triple as one column, then we will have all our data in one
arrangement. If we organise them in an array form as :

Rita Raman Rahim John

Weight | 55 585 59 60.5

Height | 135 140 138 155
Age 16 18 17 20

If there is a selection of soldiers for the Army wing, then they have to collect above data from so
many individuals. If the data so collected can be arranged in the precise form as shown above, then it
is easy to interpret them. Also, it is easy to make selection of individuals.

The above arrangement of real numbers in a rectangular array is known as a Matrix (Plural is
matrices). The real numbers are the elements or entries of the matrix.

Matrix is a latin word. The origin of matrices lie with the study of systems of simultaneous
linear equations. An important Chinese Text between 300 BC and 200 AD, nine chapters of
Mathematical art (Chiu Chang Suan Shu), give the use of matrix methods to solve simultaneous
equations. Carl Friedrich Gauss (1777-1855) also gave the method to solve simultaneous linear
equations by matrix method.

Matrix operations are used in electronic physics. They are used in computers, budgeting, cost
estimation, analysis and experiments. They are also used in cryptography, modern psychology, genetics,
industrial management etc.
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4.2 Matrix

Any rectangular arrangement or an array of numbers enclosed in brackets such as [ |
or ( ) is called a matrix. We shall consider omnly real matrices, i.e. elements or entries of
the matrices will be real numbers only.

a b c
The matrix, [ d e f] has two rows and three columns. So we say that it is a 2 X 3 matrix.

2 X 3 is also known the order of the matrix.
In general, an m X n matrix is a matrix having m rows and n columns. It can be

written as
a] ajg  eeeens ain
an ajyy ... Arn
Al A2 eeeee- Qnn

2

Here ‘q;’ is the element of the matrix in ‘ith’ row and ‘jth’ column. In a compact form, we can

y
write this matrix as [a If there is no confusion, we write it as [a,-j] also. We denote matrices

] .
ijim X n
by A, B, C etc. In the notation of the order m X » of a matrix, m denotes the number of rows of
the matrix and » denotes the number of columns of the matrix. An m X » matrix is called a
rectangular matrix.

Example 1 : Construct 4 X 3 matrix A = [a;] whose elements are given by ag=1i—j

a1 912 43
a1 ap @3
a3y az asz
a41 Q42 G43

Solution : We have matrix A =

Here a; =i —j,sowe have a;; =1 —-1=0,ag,=1—-2=—1,a;3=1—-3=-2,

i
0 -1 -2
1 0 -1
ayy =2 —1=1cetc. Thus, we have A=, ,
3 2 1

Difference Between a Determinant and a Matrix :

(1) A determinant has a real value where as a matrix has no real value as it is an arragement
of real numbers only.
(2) In a determinant, number of rows is equal to the number of columns where as in a matrix,
number of rows may or may not be equal to the number of columns.
Equality of Matrices :

Two matrices A = [a;],,  , and B = [b;],, , , are equal if they have the same order and

a; = b,-j, for all i and j. We denote equal matrices A and B as A = B.
Here, A=B & [a],, 5 n = Bjlpxn S @ =b; Vi=1,23,m j=123,..n
_ C[x-1 2y 3x=7 y*-3
Example 2 : Find x and y, if x+y 4|~ 6 4 |

Solution : Corresponding elements of two matrices must be equal.
S x—1=3x—7, 2y=3 > —3andx+y=26and4=4
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s 2x =6, Y —2y—3=0
S x =3, =3 +1)=0
y=3ory=-1

Here, x = 3 and y = 3 satisfy the equation x + y = 6 and x = 3, y = —1 do not satisfy x + y = 6.
Hence, x = 3 and y = 3.
Types of Matrices :

Row Matrix : A 1 X n matrix [e;, a;, a3..a,,] is called a row matrix.

A row matrix has only one row (and any number of columns).

eg. A=[3 5 —1 4 0]isal X5 row matrix.

a1
an
Column Matrix : An m X 1 matrix | 431 | is called a column matrix.

L%m1 _
A column matrix has only one column (and any number of rows).
15
eg A= 170 is a 4 X 1 column matrix.
-8
Square Matrix : An 7 X 7 matrix is called a square matrix.
A square matrix has the number of columns equal to the number of rows.

5 -1 3
For instance | 11 2 9 | is 3 X 3 square matrix.
-4 0 -7

(Note : [aij]l « 1 Matrix is a row matrix, is a column matrix and a square matrix also.)

Diagonal Matrix : If in a square matrix A = [aﬁ_ n x n» W€ have a; = 0 whenever i # j, then

A is called a diagomal matrix. This is a square matrix in which all entries are zero except
possibly those on the diagonal from top left corner to bottom right corner (principal diagonal).

[¢sp 0 0 - 0
0 ap 0 - O
A=|0 0 a3 -~ 0 |isa diagonal matrix.
& 0 0 - @y
A diagonal matrix is also denoted as diag [a); a5, as;...a,]
500
eg. A=|[0 0 O] is a diagonal matrix, i.e. diag[5 0 3].
0 0 3

Here, 5, 0, 3 are the elements of the principal diagonal of the matrix A.
Zero Matrix : If all elements of a matrix are zero, then that matrix is known as zero
matrix. We denote zero matrix by [0],, , , or O, , ,. O, . ., is also written as O.

000

Thus,
0 00

:| is a zero matrix. It is a O, , ; zero matrix.
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4.3 Operations on Matrices

Sum of Two Matrices : If A = [a;] and B = [b;] are both m X n matrices, then their
sum is defined as A + B = [a,-} + bu]m x n -€. a matrix obtained by taking sum of the
corresponding elements of A and B.

For the sum of two matrices, they must have the same number of rows and the same
number of columns, otherwise it is not possible to add the matrices. If A and B are both

m X n they are called compatible for sum. In notation [ay] + [b,j = [aﬁ =+ b,j].
1 5 -3 2 1-3 5+2 -2 7
For instant, if A=|2 -3|and B=|1 2 [thenA+B=|2+1 3+2|-|3 ~1]
4 -7 -5 4 4-5 —T7-4 -1 -11

Properties of Matrix Addition :
(1) Commutative Law for Addition :

If A= [a‘j] and B = [b,-j] are both m X n matrices, them A+ B =B + A.
Now, A + B = [a;] + [b;;
= [aij + b,-j]

= [bij + aij] (Commutativity of addition in R)
= [b;] + [ay
=B+ A

A+B=B+A
(2) Associative Law for Addition :
For m X n matrices A = [al.].], B= [b,.j] and C = [c,.}.],
A+B)+C=A+ B+ 0).
Now, (A + B) + C = ([g;] + [b;]) + [¢y]
= [a; + b1 + [¢]
= [(a,-j + bij) + ¢y
= [aij + (bij + cl-j)] (Associative law of addition in R)
= [a;] + [b; + ¢l
= [a,] + ([by] + [c))
=A+ B +C)
A+B)+C =A+ @B+ 0)
(3) The Identity for Addition of Matrices :

Let A = [ayl,,  , and O = [0],, , , be the zero matrix. Then A+ 0O =0+A=A
A+ O =gy +[0]
= [a; + 0]
= [aij] =A (0 is the additive identity in R)
A+ O =|ag;

y
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By commutative law A+ O =0 + A
A+0=0+A=A
Thus, O is the identity matrix for addition.
(4) Existence of Additive Inverse :

Let A = [al,j m x n De any matrix. Then we have another matrix [_"ijlm % n» SO that
A+ [-ay] = O, . 4
A+ [_aij] = [aij] + [_aij]

= lay = ayl

=[0]

= Om xn

We denote [—aij] as —A.
By commutative law A + (—A) = O = (—A) + A.
Thus, —A = [—"a,-jl is called the additive inverse of A = [a;].
Difference of Matrices : If A = [a;] and B = [b,}-i are both m X n matrices, then the

difference of A and B is defined as A— B=A + (—B) = [a,}-l + {—b,-j = |ab- = bijl'

2 3 4 5 4 2
ExampleS:IfA=[ ]andB=|: },thenﬁndA+BandA—B.

5 2 8 31 2
. 2 -3 4 5 4 =2
Solution : A+ B = +
5 2 8 31 2

245 -3+4 4-2 71 2
“[5+3 2+1 8+2| |8 3 10

A_B=A+(_B)=[2 -3 4]+[-5 -4 2]

5 2 8 -3 -1 =2
_[2-5 -3-4 4+2| -3 -7 6
5-3 2-1 8-2 2 1 6
1 2
_13 5 13 5 .
Example 4 : Can we add A = and B = s 3 ? Give reason.
4 1

Solution : Here A is a 3 X 2 matrix and B is a 2 X 2 matrix. They do not have same
number of rows. They are not compatible for addition. So we cannot add A and B.

Product of a Matrix with a Scalar and Properties :

If A= [a,-j] is an m X n matrix and & is any real number, then the matrix [kaq} is called
the product of the matrix A by the scalar £. It is denoted by kKA. Thus, for A = [ay], kA = [kaﬁi.

In kA every element of A gets multiplied by £. (Compare corresponding result for a determinant !)
Properties of Addition of Matrices and of Multiplication of a Matrix by a Scalar :

Suppose, A = [“;}] and B = [bijl are m X n matrices and &, / € R, then

(1) k(A + B) = kA + kB 2) (k+ DA =FKkA + IA (3) (kDA = k(IA)

4 1A= A ) (DA =-A
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Proofl : (1) k(A + B) = k[aij + bij] (2) (k+ DA = (k + l)[aij
= [k(a,_, + by)] = [(k + l)alj]
= [kaij + kbij = [ka,-j + laij
= [kaij] + [kb,.j] = [kaij] + [Ial.j]
= k[a,-j] + k[b,-j = k[ai]-] + I[aij]
= kA + kB =kA + IA
@) (DA = (kDlay] (4) 1A =[1-q;
= [(k]) @] = [a;
= [k(lay)] -A
= k[laij]
= Ki(ay)]
= k(IA)
(5) (—DA = (—D[a,] = [(-Day] = [-a;] = —A
Thus, (1) A = —A
4 2 1 0 1 2 3 5
Example S : IfA=[(-3 1 -5 7|and B=(4 0 1 -6/, then obtain 3A — 2B.
2 -9 -8 5 -2 3 6 -7
Proof : 3A — 2B =3A + (—2)B
4 2 1 0 1 2 -3 5
=3-3 1 -5 7|+2)4 0 1 -6
2 -9 -8 5 -2 3 6 -7
12 6 3 0 -2 4 6 -10
=9 3 -15 21|+(|(-8 0O -2 12
| 6 27 24 15 4 -6 -12 14
[12-2 6-4 3+6 0-10
_|-9-8 3+0 -15-2 21+12
| 6+4 -27-6 -24-12 15+14
10 2 9 -10
=(-17 3 -17 33
| 10 -33 -36 29
5 4 1 2
Example 6 : fA=|0 —2| and B =3 —4], then find the matrix X, such that 3A + 2X = 4B.
3 6 6 -5

Solution : We wish to find matrix X such that 3A + 2X = 4B

(-3A) + (3A + 2X) = (—3A) + 4B
(=3A + 3A) + 2X = (-3A) + 4B
O +2X=4B —3A

2X = 4B — 3A

(adding additive inverse of 3A)

(O is the identity for addition)

104
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X =1@B - 34)

1 2 5 47
X =143 ~4|+(3]0 2
6 -5 3 6],
M4 8 -15 —12]]
=212 -16|+| 0 6
24 20| [-9 -18]
[4-15 8-12
=112+0 -16+6
|24-9 —20-18
[-11 —4 -2
=% 12 -10|=| 6 -5
| 15 -38 L9

Transpose of a Matrix and its Properties :

Transpose of a Matrix : If all the rows of matrix A = [g;],, , , are converted into
corresponding columns, the matrix so obtained is called the trampose of A.
If A = [ay],, «  is a matrix, then its transpose is [a;], , ,, is denoted by AT or A",
- T =
If A= [aij]m « n» then A% = [aﬁ]n < m*

3 V2

For example, if A = 3 V52 , then AT = 5 -1
V2 -1 0 » o

Symmetric Matrix : For a square matrix A, if AT = A, then A is called a symmetric

matrix. If A = [aﬁ]u % ns then AT = I“j,-],, < ns AS AT = A, so a; = ay for all i and j.
1 3 -5 1 3 -5
Thus, ifA=|3 0 2 |[,then AT=|3 0 2|
-5 2 -7 -5 2 7

We have AT = A, so Ais a symmetric matrix.
Skew-Symmetric Matrix : For a square matrix A, if AT = —A, then A is called a

skew-symmetric matrix. In such a matrix AT = [ = —ay for all i and j.

aji]n x n? %

Now, when i = j, then we have a; = —a;;, for all i.
2a; =0
a; =0, Vi.
This means that all elements on the principal diagonal of a skew-symmetric matrix are
zero. Here, a;; = ayy =.~ a,, = 0.
0o 2 1
For example, the matrix A=| 2 0 -5, then
-1 5 O
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0 2 -1 0 2 1
AT=|=2 0 5|=-1/2 0 -5|=(=DA=-A
1 -5 0 -1 5 0

A is a skew-symmetric matrix.
Some properties of Addition and Multiplication Regarding Transpose of Matrix :
1) A+BI=AT+ BT, @2)@ADT=A, @) kAT =xsAT,k € R
Proof : (1) For m X n matrices A = [aij] and B = [bij],
AT = [aﬁ] and BT = [bﬁ], are n X m matrices.
Now, A + B = [a,-j + b,-j] = [cij] where ¢y =ay+ bij
A+ BT =g
= [aﬁ + bji]
= [aﬁ] + [bji]
(A+B)T=AT 4+ BT
(2) Let A= [a,-j
T = YT = =
Al = [aﬁ] and hence (A')' = [aij] =A

(AT)T = A
(3) Suppose A = [aij]
kA = [kaij = [cl.j] where ¢y = kalj
kAT = [cﬁ]
= [ka_,,]
= kAT
[2 -1 57
Example 7 : IfA=|3 2 —4/, obtain A + AT and A — AT.
|6 3 8 |
What can you say about the matrices A + AT and A — AT ?
[2 -1 5] 2 3 -6
Solution : A=|3 2 -4 Hence AT=|-1 2 3
|6 3 8| 5 -4 8
[2 -1 5 2 3 -6
NowA+AT =|3 2 —4|[+|-1 2 3
6 3 8 5 4 8
4 2 -1
=12 4 -1
-1 -1 16
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IfB=A+AT
4 2 -1
ThenBT=|2 4 -1|=B
-1 -1 16
Thus, (A + AT)T = A + AT. Hence A + AT is a symmetric matrix.
[2 -1 5 2 3 -6
Again A—AT =3 2 4|—-|-1 2 3
-6 3 8 5 -4 8
0 —4 11
=l 4 0 -7
-1 7 0
Let C = A — AT
0 4 -11 0 —4 11
cT=(4 0 7 |=¢Dl 4 0 -7
11 -7 0 -11 7 0

cT=—
(A — ATT = —(A — AT). Hence A — AT is a skew-symmetric matrix.

cosec®  —cot® —cot®  cosecO
+ co.
—cosec®  cotO

Example 8 : Simplify cosecO |: cot®  —cosecO

& —cot® —cot® )
Solution : cosecO |:cosec €0 ] + cot9|: co cosec j|

cot® —cosecO —cosec®  cotO

_ I cosec’® —cosecO cot6i| 4 [ —cot?0 cot® cosec(-)]
| cosecBcot6 —cosec?® —cot0 cosecO cot’0

_ I cosec?® — cot?0 —cosecOcotB + cotd cosecG:|
| cotO cosecO — cotB cosecO —cosec?®+ cot 20
1 0

- o —1]

Example 9 : Prove that if A is a square matrix, then A + AT is a symmetric matrix and A — AT is

a skew-symmetric matrix and every matrix A can be uniquely written as a sum A = B + C
where B is a symmetric matrix and C is a skew-symmetric matrix.

Solution : FB=A+ AT, then BT =(A+ ADT=AT+ (ATH)YT =AT+ A=A+AT=B
B = A + AT is a symmetric matrix.

Let C=A—AT

Then CT = (A — ADT = AT — (AT = AT —A=—~A - AT)=—C
C = A — AT is a skew-symmetric matrix.

Also A=2A+AT+A-AT) = 2A+AD) + 2(A-A) = 1B + 1C.
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A is a sum of a symmetric matrix and a skew-symmetric matrix as %B and %C are
symmetric and skew symmetric matrices respectively.

Conversely let A = B + C where B is a symmetric matrix and C is a skew-symmetric matrix.
BT =B and CT = —C

Now AT=BT +cT=B-C
A+AT=2B A—-AT=2C

A—AT
2

T
B = , C=

The expression for A as a sum of a symmetric matrix and a skew-symmetric matrix is

unique.
Exercise 4.1
(2 —4 -3 1
1. IfA=|3 2 |andB=|0 5 |,then find A+ B, A— B, 2A + B, A — 2B.
-1 1 4 =2

[ sin® —cos©
2. €A=" c:os , then obtain A + AT and A — AT.
| cos®  sin6

3. IfA=diag[l —1 2] and B =diag[3 2 1], find B — A, 2A + 3B.

: . 2x] _[-7
4. Solve the matrix equation | =, [ —4 = .

(i-2j)? .

5. If a;="3 obtain [aij]2><2'
1 25

6. IfA=|5 1 1], find A — 2AT.
3 0 4

7 If[x+y xy]=[6 §i|,thenﬁndxandy.

-8 3 -8
) _|a=-2b c+d 2 0
8. Obtain g, b, ¢, 4, if 2a—b 3a—c| =17 10/
25 6 3
9. Find matrix A and B, if A+ B = and A— B = .
9 0 -1 0
8 O 2 =2
10. Find matrix X, if 5A —3X =2B, where A=(4 -2|andB=|4 2
3 6 -5 1
3 1 1 2 -1 0
11. Suppose A=|-12 -3 0 |andB=|3 2 —4]and3A+ 4B — X = 0, then find matrix X.
-9 -1 -12 5 1 9

108 MATHEMATICS 12



a

) ) 5 a 01 10 5
12. Fmdaandb,1f23 4 + 1 o117 ol

sk
Multiplication of Matrices :
The product AB of two matrices A and B is defined only if the number of columns of A is

equal to the number of rows of B.

Suppose, A = and B = [b are two matrices. Then their product

[aijlm X n ij!n X p

n

To obtain the entry in i th row and jth column of matrix AB, we multiply elements of the
ith row of the matrix A with corresponding elements of the jth column of the matrix B and

then we take the sum of all these products. Thus, for A = [a; and B = [bl,j]u xp? the

ifim x n
n
produet AB = Za,-k 'blg
k=1 iy

If A = [a,; and B = [b

ulm % we say A and B are compatible for multiplication.

::r"n x p

2 3 1 2
Example 10 : If A = [ i|, B = [ :|, find AB and BA and also show that AB # BA.

-4 5 3 4
) (2 13 1 -2
Solution : AB = 4 5 ‘13 4

[2(1)+3(3)  2(-2)+3(4)
T[4 +5(3) —4(=2) +5(4)

1 8 .
~ 11 28 ®
1 2] [2 3
BA=13s 4] |4 s
[1(2) +(-2)(—4) 1(3)+(-2)5
| 32)+4(—4)  3(3)+4(5)

10 -7 .
= [-10 29 (@)
Observing results (i) and (ii), we can say that AB # BA.
2 -1 1 1 1
Example 11 : fA=|-3 2 4 | and B= |4 -2|, then find AB. Is BA defined ? Why ?
0 3 5 2 3

Solution : AB

Il
|
w
)
o~
I
|
)
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Example 12 : If A = [

[2(D)+ (-D4+1(2) 2(1)+(-1)(=2)+1(-3)
3D +2(4)+4(2)  3(1)+2(-2)+4(-3)
LO(D) +3(4)+(-5)2 0(1) +3(2)+(-5)(-3)

0 1
13 -19
2 9
BA is not defined because, B has two columns and A has three rows.
cos’o cosq, sino cos2B cosP sinfd
cosQL sin o sina "0 cosP sinp sin’p an

o — B =(2n — 1)%, n € Z, then prove that AB is zero matrix.

Solution : AB

cos®0.  cosasin a] [ coszﬁ cosP sin B:|

| cosausina sin’o. cosPsinB  sin’B

cos?0cos’B + coso sinacosP sinP  cos?ocosP sinP + cosa sinow sin ZB]

| cosal sino, cos?B + sin’ocosP sinp  cosa sino cosP sinP + sin 2o sin*B

[cos o cos B (cos o cos B+ sinoi sinB)  cos o sinP (cos o cos B + sin o, sin B)
| cos P sino(cos aucos B+ sinasinB)  sina sinP (cosocos B + sina sin )

[ cos o cos B cos (. —B)  cos o sin B cos (0. —B)
| cosPB sino.cos (a.—B) sin . sinf cos (o —B)

[0 O ™
0 0 (cos(a — B) = cos2n — B = 0)

1 -3 -1 4
Example 13 : If A = [ } B = { ] prove that (A + B)2 # A2 + 2AB + B2

2 4 5 =2

1 -3
Solution : We have, A = [2 4:|

A? = AA

B2 = BB

i

[1-6 -3-12

[2+8 —6+16

-5 -15

|10 10

(-1 477[-1 4
|5 2|5 -2
(1420 —4-8
_—5—10 20+ 4

[21 -12

|-15 24

110
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1 —37[-1 4 “1-15 4+6] [-16 10
AB=15 41l|l5s —2|T|-2+20 8-8|=|18 o

32 20
2B = | 46 o
; , [ -15] [-32 20 21 -12
AT+2AB+B =1, 19|t |36 o|t|-15 2
, ,[-16 -7 _
A +2AB+B>=| 5 44 6]

1 -3 -1 4 0 1
ATB=1r 4|T|s 2|7 |7 2
(A+B)> =(A+ B)A + B)
0 11|10 1 0+7 0+2
|7 2|7 2| |0+14 7+4
, 7 2 )
(A+B)Y =114 n (i)
From (i) and (ii), we can see that (A + B)?2 # A2 + 2AB + B2
[Note : For the matrix A, A2 = AA and we do not take simply squares of entries of A.]

Properties of Matrix Multiplication :

Matrix multiplication has the following properties. We shall assume them without proof.
(1) Distributive Laws :

(i) For A = [al}'lmxn , B= [bﬁ]"xp y C= {c,j]”xp
AB + C) = AB + AC
(ii) For matrices A = [a,?]m xns BT lb,ﬂm gt B= [cl}-]” i
(A + B)C = AC + BC
(2) Associative Laws :
(ii) For matrices A = [a,],, ., B=1[byl, ,,, C= [r:,.j]p % q

A(BC) = (AB)C
Identity Matrix (Unit Matrix) : A square matrix in which all elements on principal
diagonal are 1 and the rest of them are 0 is called an identity or a unit matrix. Identity
matrix is denoted by L
Thus, I = [aijnxn where a; = { 1, ifi=j
0, ifi#j
I is also represented as I, or I, .
1 00

ie.1=]0 1 0] jsa3 x 3 identity matrix.
0 01

n

As this identity matrix is a 3 X 3 matrix, it is denoted by I3 , 3 or simply by I;.
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If A = [a], « ,» then for the identity matrix I, we have AL, = LA = A.
(Note : A symbol 81-1- called Kronecker delta is used to define I
8, = { 1 if i=j
0 if i#j.
Thus, T = [8;])
Scalar Matrix : If & € R, then XL, is called a scalar matrix.
4 00

Thus, A = 0 4 0] is a scalar matrix.
0 0 4

Here k£ = 4 and A = 41,.

8 X
Example 14 : IfA=[x y z], B= S | and C = | Y|, then find (AB)C.
C Z

o S Q

h
b
f

I |

a

h
Solution : Now, AB =[x y Z] h b
g f

o %,

=Jlax +hy+gz hx+by+jfz gx+fy+ cz]
x

(AB)C =[ax+hy+gz hx+by+fz gx+fy+ecz]|?
z

=[(ax + hy+gz)x+ (hx + by + )y + (gx + fy + ¢cz)z]
= [ax® + hxy + gzx + hxy + by? + foy + gxz + fz + cz?]
= [ax? + by? + cz2 + 2hxy + 2gzx + 2fz]

1 -2 -2 5 5 2
Example 15 : If A = 3 4 , B = 6 1,C= 7 4,f'mda2><2matristuchthat

BX -AC=0

a b
Solution : Let X =
c d

Now, BX —AC =0
2 5][a b 1 —27[5 2] Jo o
| 6 1f|lc d| |3 4|7 4] |00

—2a+5c —2b+5d -9 -6] [0 0
| 6a+c  6b+d | |43 22|70 O

(2a+5c+9 —2b+5d+6] [0 0
| 6a+c—43 6b+d-22 | |0 O
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—2a+5¢+9=0, 2b+5d+ 6=0
6a+c—43=0 6b+ d—22=0

—6a + 15¢ = =217, @) —6b + 15d = —18 (iii)
6a+ c=43 (i) 6b+ d =22 (iv)
Adding (i) and (ii), - Adding (iii) and (iv),
l6c=16=>c=1anda=7 16d=4=d=,andb=2

a b 7 _289
Hence X = = .
C d 1 l
4

Example 16 : Prove that if A(x) = |iC¢?sx —sinx
sinx  cosx

], then A(0)) A(B) = A(0t + ) and deduce that

A(0) A(B) is the identity matrix I,, where Ot + B=2nm,ne Z

[ cos o —sin a] |:cos B —sin B]

| sinat cosa || sinB cosB

Solution : A(0) A(B)

[ cos o cos B—sinousinB  —cos o sin B — sin o cos B
| sino.cos B+cosasinB  —sin o sin B+ cos o.cos B

B [cos (0.+B) —sin(o.+ B)]

| sin(ou+B) cos (a+PB)

=A@+ B
10
If o0 + B = 2am, A() AB) = [0 J (cos2nTt = 1 and sin2n® = 0)

Exercise 4.2

1o1wa=|! _1,B=
0 2 2 -1

a+b 4 6 a 3b 3a
2. Find q, b, ¢, d, if + = .

-1 1
[ (1)i| and C = |:(1) i|, then prove that A(B + C) = AB + AC.

3 c+d 2d -1 3d 3c
1 0 =2 0 5 4 1 5 2
3. A=|3 -1 0 ,B=|-2 1 3 |andC=]|-1 1 O], then prove that
-2 1 1 -1 0 2 0 -1 1
AB — C) = AB — AC.
2
4. IfA=[1 -1 2], B=|3], obtain AB and BA, if possible.
1
2 0 1
5. IfA=|2 1 3/, find A2 — 5A.
1 -1 0
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31
6. IfA= , find A2 — 5A.
-1 2
[ o —tan% cos® —sin®
7. IfA= an8 o I then prove that (I, — A) sin® cos® | = I, + A.
i 2
5. wa=|* ° ] then obtain AZ2.
| —a” —ab

9. Obtain XandYifX+Y=A= , Where X is a symmetric and Y is a skew-symmetric

W N =
EENY e )
0 O N

matrix.

) ) 5 7 -16 —6
10. Find a 2 X 2 matrix X such that | , 5 |X=| 5 , |

0 1
11. Find real numbers x and y such that (xI + yA)?2 = A where A = [ ]

-1 0
1 3 2 1
12. Findx if [1 x 1]|2 5 1{|[2]|=0
15 3 2||x

3 4
13. IfA= [1 _1:|, then prove by the principle of mathematical induction that

2n+1 —4n
AT = I: n 1-2n
4.4 The Determinant of a Square Matrix :
If all the entries of a square matrix are kept in their respective places and the determinant of
this array is taken, then the determinant so obtained is called the determinant of the given square
matrix. If A is a square matrix, then determinant of A is denoted by | A | or detA.

a1 4q2 93 a1 912 413
For instant, if A = | ay; apy ap3 |, then its determinant is | A| = | ap; axy ax; |.
az) a4z asj az)] a3y as3
1 5 1 5
IfA= 3 2,then|A|= D) =2 —15=-13.

Theorem 4.1 : For square matrices A and B, |AB| = |A||B|.
We will accept this theorem without proof.
1 0 0
Example 17 : Find |[A|, if A=[0 sin® —cosH|.
O cos©® sin®

1 0 0
Solution : |[A|=]0 sin® —cos®| = sin%0 + cos?0 = 1.
0 cos® sin®
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Adjoint of a Maftrix : For a given square matrix A, if we replace every entry in A by its
cofactor as in | A | and then the transpose of this matrix is taken, then the matrix so obtained is called
the adjoint of A and is denoted by adjA.

If A= [aij]n « n» then adjA = [Aji]n « n Where Aﬁ is the cofactor of the element a;.
M1 a1 43 Al Az Aj;
If A=|ay axy ay|, then adjA = [A;p Ay Az .
az; azp ass Az Ax Az
4 2
Example 18 : For A = | ; 51 find adjA.
4 2 al a;n
Solution : We take A = =
1 5 021 022

Ay Ag 5 2
ad]A=|:A12 Ap | =1 4|

[Note : To obtain the adjoint of 2 X 2 matrix, interchange the elements on the principlal

b
diagonal and change the sign of the elements on the secondary diagonal. e.g. if A = |:a di|, then
c
d -b
adjA = [ i|.]
-c a
3 -2 3
Example 19 : Find adjA for A= |2 1 -1|.
4 -3 2
3 =2 3 a1 a1 a3
Solution : Let A= |2 1 =1|=|ay ap ay;
4 -3 2 a3l a3y ass
Ay =5 Ayy =—6 Ay =1
Az =1 Az =9 Agy =7
-1 -5 -1
adjA =| -8 -6 9
-10 1 7

4.5 Inverse of a Matrix :

For an n X n square matrix A, if there exists another » X n square matrix B, such that
AB =1, = BA (I is an identity matrix), then B is called an inverse matrix of A. Inverse of A is
denoted by A™1,

It is clear that if B is an inverse of A, then A is an inverse of B.
Theorem 4.2 : If inverse of matrix A exists, then it is unique.

Prool : If possible suppose B and C both are inverses of A.

AB =1=BA and AC =1 = CA.
Now AB =1
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.. C(AB) = CI

.. (CAB=C

s IB=C

s B=C

This shows that A has a unique inverse matrix.

Note : Remember in chapter 1, we had seen that for an associative binary operation with
identity, inverse is unique. Matrix multiplication of » X n matrices is associative and has identity I, .

Theorem 4.3 : For a square matrix A, A(adjA) = (adiA)A = |A|L
Proof : We will prove this result for a 3 X 3 square matrix A.
a1 arp a3 A Ayl Az
Suppose A= ap) a4z azs|. Then ad_]A = A12 A22 A32 .
az| azy 433 A3 Axz Ajz
al a2 93 A;r Ay Agg
a1 ap a3 |-|Aix Axp Az |
az; azp a3z | [A;z Ay Aszs

Now, A(adjA)

apArg +apAgp ta3A1z a1 HappAg taizArz a1z +apAszy +ajzAsg
— | @1A11 HaxnAip +ax3A1z axAgg taxpnArn HaxAx arAsg +axpAszp +axAss
| a31A11 HazpAp tag3Az  a31Agg +a3Agn tajpzArs a3 Az +azAszp +az3Ass

[IA1 © 0
=] 0 IAlI O (by the theorems on determinant)
| O 0 IAl
1 00
=]A| |0 1 O
0 01
= AL

Similarly, we can prove that (adjA)A = | A|L;.
Non-singular Matrix : A square matrix is said to be non-singular, if it has an inverse matrix.
[Note : If A is a non-singular matrix, then A~1 is also non-singular matrix and (A71)"1 = A ]
Singular Matrix : A matrix which is not non-singular is called a singular matrix.
Theorem 4.4 : A square matrix A is non-singular if and only if |A| # 0.

Proof : Suppose A is a non-singular matrix and let B be the inverse of A.

s AB=1
s |AB]| = |1]

s |A[|IB]|=1#0
s JAl#0

Conversely, let | A| # 0. So ﬁ exists.
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a

Let B = T adjA
1 . 1 . 1
Then AB = A(madJA) = Taj(AadjA) = T |A|L
AB =1
Similarly, we can prove that BA = 1.

B is the inverse of A.
A is a non-singular matrix.
(Note : Inverse of matrix A is A~ = 757 adjA, if it exists.)
2 3
Example 20 : Find the inverse of A = 4 | if it exists.
2 3

5 4 =84+ 15=23 #0.

Solution : Here |A| =

A1 exists.

) 4 3
Now, adjA = _5 2

— 1 .
So, A7l = 137 adjA

. [4 3
2B 5 2
4 3
23 23
-5 2
23 23

ATl =

1

5 8
Example 21 : Find A7, if A= |0 2 1|
4 3 -1

5 8 1
Solution : [A|=|0 2 1| =5-2—-3)—80—4)+1(0 — 8)
4 3 -1
= —25+32—8
=—1#0
A~1 exists.
5 11 6
adih = | 4 9 -5
-8 17 10
A7l = = adiA
-5 11 6
_ 1|4 -9 -5
8 17 10
5 -11 -6
|4 9 5
8 -17 -10
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Some Important Results :

(1)

So,
So,

2)

Again, (ABYB1A™))

For a square non-singular matrix A, the value of the reciprocal of the determinant
of A is the same as the value of the determinant of the inverse of A.

This means |[A71| = |A|™L

Proof : A is a non-singular matrix. Hence | A| # 0 and A™! exists.

AATl =1
|AATH] = |T|
|AlAT ) =1
— 1
|ATH = a7 (A #0)
AT = AT

If A and B are non-singular matrices, then AB is also non-singular and
(AB)"l = BT1A7],

Proof : A and B are non-singular, so A™! and B! exist and |A| # 0, |B| # 0.
|A]|B| # 0

|AB| # 0

AB is a non-singular matrix.

ABB AT

A(®BBHA™

= A(A™
= AA™!
=1

Similarly, we can prove (B"!A™1)(AB) =1

Hence, (AB)™! = B71A™]

3)

4)

For m X n matrices A and B, (AB)T = BTAT,

We shall accept this result without giving proof.

AT is non-singular if and only if A is non-singular and AT = (A~HT,

Proof : A is a non-singular matrix < |A| # 0
& [AT[#0 (1A] = |AT)
<> AT is non-singular.

Again, AA™1 = ATIA = |

So, (AATHT = (A71A)T = 1T

(A—I)T AT — AT (A—I)T =1 (1'!' = I)

(AT)—I = (A—I)T

118
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(5) adjA" = (adjA)"
Proof : Let A = [a

i
s AT =[ay]

s adiAT = [A,] @
But adjA = [A;]
s (adid)T = [A; (i)

i
From (i) and (ii), we get adjAT = (adjA)T

4.6 Row Reduced Echelon Form

We have seen some operations like R,

i R(k) and R,-j(k) as applied to a determinant. Similar
operations for columns also can be applied.
The application being similar, we will consider row operations.

(1) 1If the operation R,-j is applied to identity matrix I,, the resulting matrix is called
an elementary matrix EU

(2) If the operation R (k) is applied to identity matrix I, the resulting matrix is called
an elementary matrix E (k).

(3) If the operation Rij(k) is applied to identity matrix I,, the resulting matrix is called
an elementary matrix E,.j(k).
Applying R, to matrix A is the same as finding product E,, A for any matrix A.

1 2 3
LetA=|2 1 4
2 16

] @
0
0
1

123 21 4
21 4|={1 2 3 (i)
00 1][2 16 216

(i) and (ii) prove our assertion.

Similarly any elementary operation Rij,
A by Eij’ E(k) or Eij(k) respectively.

For column operations post-multiplication has to be carried out.

R/(k) or Rij(k) on matrix A is equivalent to premultiplying

Now we define a reduced row echelon matrix. A matrix is in reduced row echelon form if
(1) The first non-zero entry of each row called the leading entry is 1.
(2) Each leading entry is in a column to the right of the leading entry of the previous row.

(3) A row with all entries zero is called a zero row. All zero rows occur below rows
with at least one entry nomn-zero (called a non-zero row).
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(4) The leading entry is the only mom-zero entry in its column
1 i@ 0 0! 1 @& @
01 0,]|]0 0 1 O] are in reduced row echelon form.
0 01 00 9 0

A result : The row reduced form of a non singular matrix is I,.

We can obtain inverse of a non-singular matrix as follows :

Write A = [A.

Apply elementary row operations on A and I so that A on left-hand side is converted to its
reduced row echelon form namely 1, (being non-singular).

Then, we will have an equation like this I = PA.
where 1 gets converted to P by clementary row operations same as on left-hand side matrix A.
Then P = A1,

How to get row reduced echelon form of a matrix A ?

(1) (a) Find the pivot, the first non-zero entry in the first column.

1 2 3
For, |0 6 2|.1 is the pivot.
3 45
(b) If necessary interchange rows so that the leading entry in the first row is non-zero.
012
2 1 2|. To have pivot in the first row, we will apply Ry, or Rys.
1 3 3
1 3 3
For instant, if we apply R, thenin |2 1 2|, we will get 1 3 3 as a first row with
01 2

1 as a pivot.

(c) Multiply each element in the pivot row by inverse (reciprocal) of the leading entry,
so that leading entry becomes 1.

351
In|2 1 3| leading entry is 3. So we multiply each element of the first row by % to
4 1 2
get 1 % % as the first row.
1 3 1
3 3
So the matrix willbe |2 1 3
4 1 2

(d) Add multiples of the pivot row to each of lower rows so that every element in the
pivot column of lower rows becomes 0.

We apply R ,(—2), Rj3(—4) to the matrix which we have at the end of (c). The

3 1

13 3 1

matrix will become | 0 —% % with first column 0.
=17 2

0= 3 0
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(2) (a)
(b)
(©)

3 @
(b)

©

Repeat the above procedure from step (1) ignoring previous pivot row.

Continue till there are no more leading entries to be processed.

Now the matrix becomes a triangular matrix having zeroes below principal diagonal.
After performing some operations on the matrix obtained in (1)(d), we have matrix

5 1

13 3
01 -1
as .
0 0 1

Identify the last row having leading entry equal to 1. Call it the pivot row now.

Add multiples of this pivot row to each of the upper rows untill every element above
the pivot becomes 0.

Moving up the matrix repeat this process for each row.

Now performing R31(—%) and Rj3,(1) we have,

120

010

0 01
1 00

Now applying R21(—%), we have [0 1 O] ie., we get Is.
0 01

Thus performing operations on A = IA, we get I = PA. Here P = A™L,

Let us understand by an example.

0 -1 1
Example 22 : Find inverse of | 3 -3 4| by elementary row operations.
2 3 4
0 -1 1 1 0 o|[0 -1 1
Solution : |3 -3 4(=]10 1 0|3 -3 4
2 3 4] |00 1]|2 -3 4
(2 -3 4 0 01
3 3 4(=]101 0(A (R3;) (To bring leading entry non-zero)
0 -1 1 100
(1 -2 2] oo 1
3 3 4,=(01 0fA Rl(%) (To make leading entry 1)
0 -1 1 1 00
- 3 .
1 -3 2 00 >
3
0 % —2(=10 1 3| A Ry,(—3)
0 -1 1 1.0 0
_ 5 .
1 -5 2 0 0 >
0 1 —% =10 % -11A Rz(%) (Leading element of second row is made 1)
0 -1 1 10 0
MATRICES
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3 1
1 -2 2 oo 1
4 2
0 1 —-3|=]|0 %5 -1|A R,;(1)
1 2
0 0o 1| [12 4
L T g
1 -3 2 o o 1
0 1 -%|/=|0 % -1|A Ry(-3) (Leading element of third row is made 1)
0 0 1 3 2 3
i 3 117]
1 -3 0 6 4 -
0 1 0|=|-4 2 3 |a Ry (%) Ry (-2)
0 0 1 3 2 3
10 0 0 1 -1
01 0[_|4 =2 3]|a Ry, (2)
001 |3 =2 3
0 1 -1
3 2 3

1 4
Example 23 : By using elementary operations, find the inverse of A = |:3 2:|.

Solution : We take A = TA.

We shall use elementary row operations on this matrix equation.

(1 4 10
3 2] "o 1]A
1 4 1 0
0 —10] = [-3 1|4 R12(=3)
(1 47 1 0
_0 1_ | 10 10:| 2( iO)
- 4 T_2 4
1 0 0 10
0o1] |32 _a|A Ry (—4)
- - 10 10
-1 2
4_175 5
Thus, A~ = 3 1
10 10
5 8 1
Example 24 : Obtain the inverse of matrix A=|0 2 1 | by reduced row echelon method.
4 3 -1
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5 8 1 1 00
02 1|=]|010|A
4 3 -1] |0 0 1
1 5 2] [1 0 -1
02 1|=]01 0|A
4 3 -1] |0 0 1
1 5 2 1 0 -1
0 2 1|=]l0 1 ofA
0 -17 -9 4 0 5
- Ao S -
1 0 - 1 -3 -
0o 2 1|{=l0 1 o]A
0 -17 -9 -4 0 5
17 [ _5 _1]
0 -17 -9 -4 0 5
- - [ 5 _
10 —5 L= -
1| _ 1
01 7|~ 0 5 0]A
00 -1 4 11
i 2] |45 5
(10 0] [5 -11 —-6]
1 1
01 5 |_|0 5 0 A
1 17
0 0 —5] 4 5 5
(10 o] [5 -1 —6]
01 0|=|4 9 5|A
1 17
00 —3| |4 ¥ 5]
1 00 5 -11 -6
1 0|l=|-4 9 5 |A
0 01 8 -17 -10
5 -11 -6
I=A"1A, where Al = |4 9 5
8 -17 -10

1 5 2 1 0
Solution : Wewrite |1 1 7= |0 0| A
0 4 0 1

a

Solution : We write, A = 1A

(Ry; (1))

(Ry3(—49)

(Ra(-3))

(R,3(17))

(Rst —1)
R;,(1)

(R3(-2))
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0 O
1
-7 O
0 1
.-
vy 0
1
vy 0
3
T 1]
. -
vy 0
1
x 0
3 4
-33
5

1
0
0 0
1 5 2 1
51 11
0 1 -7/ |7
0 -3 4 0
[ 33 ] M1
1o 7 r
501 1
01 oy 1
1 3
00 ] |7
[~ 33 1
1o ¢ B
5 - 1
01 'y N
0 0 1 3
1 0 0 -25 26
01 0f-= 4 —4
0 01 3 -3
I, = PA
-25 26 -33
Al=|4 -4 5
3 -3 4

Rz1 =5), Rz3 &)

R;(4)

& |un

) Ryt ()

Rjp (

Unique Solution of a System of Linear Equations Using Inverse of a Matrix :

ayx + ayy + ay;z = b,

azx + asy + azyz = by

Suppose, ay;x + apy + a3z = by

a1 412 943

Ifwetake,A= azy a3 a3 ;X=

aszy dzp asg

ATI(AX) = A7IB
(AT1A)X = A7IB
IX=A"1B
X=A"1B

is a system of three linear equations in x, y, z.

X
y| and B =
z

If A is a non-singular matrix, then A~ exists.
Now, AX =B

b
h 2
bs

then the system of equations can be written as, AX = B.
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D x 41
Suppose, ATIB = py |, then |y | = | p» |.
P3 z P3

Thus, x = p;, y = p,, z = p3, is the unique solution of the given system of linear
equations.

[Note : This result is also true for a system of two linear equations in two unknowns.]

Example 26 : Using matrix method, solve : x — 2y = 4 and —3x + 5y = —7.

1 2] (x 4
Solution : The system can be expressed as =

-3 5 y -7
1 2 x 4
or AX = B, where A = 3 5| X< y and B = 7
1 -2
Now, [A|=| 5 5|=5—6=—1#0

A7l exists.

Hence, the system has a unique solution given by A™!1B = X.

5 2
Now, adjA =

31

-1 - L .
_ 1 5 2
-113 1

__5 Y
"3 4

NE HME
HEM

x = —6, y = —5 is the required solution.

Example 27 : If the system of equations x + y +z=3,2x —y —z =3, x — y + z = 9 has unique
solution, then find it.
Solution : The system of equations can be expressed in the matrix form as,
1 1 1{(|x 3
2 -1 -1f|ly[=13
1 -1 1|z 9

1 1 1 x 3
LetA=|2 -1 -1|,X=|y|, B=|3]|, then the system of equations is AX = B.
1 -1 1 z 9
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Now |A| =

1 1
2 -1

1
-1

=2—-3—-1=—6#0
A™1 exists and hence the given system has a unique solution.

-2 2 0
Now, adiA=]-3 0 3
-1 2 -3
_ 1 .
Al=made
[—2 —2 0]
_ 1
=—=<|3 0 3
-1 2 -3]
Now, X = A™IB
[—2 -2 0]
=L —
y —<|—3 0 3
4 -1 2 3]
[—6+(—6) +0
=L | -9+0+27
| —3+6-27
12
_ 1
=—| 18
| 24
2
=|-3
z 4

So,x=2,y=-3and z = 4.

=1-1-D—-1Q+ D+ 1(=2+1)

Exercise 4.3

Find the adjoint for the following matrices :

5 =2
@ 11 3
(1 1
IfA=|1 0
(3 1
sin® cos©
IfA:_—cose sin 0

2) [

1
2 |, find A7! if it exists.
1

a c
b d

3

], prove that A7l = AT,

2 -1 3
4 2 5
0 4 -1

@

5 8
0 2
4 3

—

1
-1
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a

10 3 2 ] . e
4, IfA=53,B= _14,ver1fy(AB) =B AT
P q
5. For A= |:r s:|’ show that adj(adjA) = A.
35 6 9 ) . A1
6. IfA= 27,B= 7 8,thenverlfy(AB) =B 'A™L
5x 10
7. Findxe€ RifA= 8 7 and |A| = 25.
8. By using reduced row echelon method, find the inverse of the following matrices :
1 2 1 3 01 2 1 2 =2
O PR @y 7 @ |12 3 @1 3 o
311 0o 2 1
9. Solve the system of equations by matrix method :
(1) 3x+4y+5=0 (2) Sx—Ty=2
1Ix—2y =15 Tx — 5y =3
10. Use matrix method to solve the following system of equations :

(1) 4x—3y+2z=4
3x—2y+3z=28
dx + 2y —2z=2

2) x+2y+z=4
x—y—z=0
—x+3y—z=-2

Miscellaneous Examples :

2

Example 28 : For A = |:_1

Solution : Now, A = [

A? — 4A + 71,

3
2:|, prove that AZ — 4A + 71, = O and hence obtain AL

N
| A R P

(1 12] [-8 -12] [7 0
4 1 |T|4 8]0 7

[ 1-8+7 12-12+0
T 4+4+0 1-8+7
[0 0

oo

=0

2 3
Here, |A| = -1 2 =4+3=7#0
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A is a non-singular matrix. Hence A™! exists.

“

Now, multiplying A2 — 4A + 71, = O by A™! on both the sides, we get,

AT1(AZ-4A+TL)=AT10
AT1(AY) —4ATTA) +7(ATIL) =0
(ATIA)A — 41+ 7471 =0
IA—41+7A71=0

TATl =41 - A

-1

%(41 — A)

o ¥ 21
(1

N =

=; N
o e el
2 _3
_[7 7
Sl 2
7 7
1 2 2
Example 29 : If A = 2 1 2| then prove that A2 — 4A — 513 = O and hence obtain AL
2 21
1 2 2
Solution : A=[2 1 2
2 21
1 2 271 2 2 1 2 2 1 00
A2—4A—513=212 2 1 24|21 2(—-5{(0 10
(2 2 1][2 2 1 2 21 0 01
[0 8 8] -4 -8 -8 -5 0 O
=!8 9 8|(+|-8 4 -8|+ -5 0
|8 8 9] -8 -8 —4 0 0 -5
[0 0 0]
_{0 0 0
|0 0 0]
=0
1 2 2
Now, |2 1 2|=1(-3)—2(—2)+2(2)
2 21
=—3+4+4+4
=5#0
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Now, multiplying A2 — 4A — 5I; = O by A7 on both the sides,

we have,
AT1(AY) —4ATTA) - 5A7TIT) = AT1O
(AT1A)A —4; - 5A71 =0
I; A —41; = 5A7!
A — 41, = 5A71

-1 -1
ATl =LA -4

=

=

I
=

N
+
o
[a—y
|
AN
[\®]
+
o

1 0 0

Example 30 : Find the inverse of |0 cosa sina
0 sinaa —coso

1 0 0 alp] a2 a3
Solution : Let A= |0 coso sina | =|ap; ax ap;
0 sina —coso az1 azpy asj
1 0 0
|A|=|0 coso sino | =—cos?0L — sinP0L = —1 # 0

0 sina —coso
A7l exists.
Cofactors of the elements of A are,

cos o sino

= (—1)1+1 = — 20y — ¢in2(y = —
Ay =ED SiInOL  —cos o cos“O. — sin“QL 1
142 0 sina
Ap =D 0 —cosa =0

—

A1 exists.
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143 0 cosa
Ap =D 0 sina =0

Similarly, A5, = 0, Ay; = —cosQ, A,z = —sinOl

-1 0 0
adjiA = [ 0 —cosa —sina
0 —-sina cosa

A7l = 5 adjA

-1 0 0
= —Ll 0 —coso —sino
0 —sina cosa
1 0 0

0 cosa sina
0 sina —coso
[Note : If A™1 = A, then such a matrix said to be an idempotent matrix.]

Example 31 : Find the equations of lines passing through (2, —1) (4, 0) and (—1, —2), (4, 1) using
determinant method. Find the point of intersection (if it exists) using matrix method.

x y 1
Solution : The equation of the line passing through (2, —1) and (4, 0)is |2 -1 1| =0.
4 0 1
D) —y(—2)+4=0
x+2y+4=0
x—2y=4
x y 1
The equation of the line passing through (—1, —2) and (4, 1) is [ -1 2 1| =0
4 1 1

x(=3)—y—5)+7=0

—3x + 5y =-7

3x — 5y =7

The equations of lines are x — 2y = 4
3x—5y=17

The system of equations can be written in the matrix form as,
1 2]|=x 4
3 5|yl |7
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1 -2 X 4
or AX = B, where A = 3 _5,X= y and B = 71

1 2
Now, [A]| = | _5|=—5+6=1¢0
A1 exists.
-5 2 1 -5 2
adjiA = 3 1 .HenceA_1=made= 31

Now, X = A”IB

-3 70
-2

-]

x =—6 and y = —5.

The point of intersection of the two lines is (—6, —5).
Example 32 : Does the system of simultaneous linear equations,

x+3y+4z=8,2x+y+2z=5, 5x + y + z = 7 have unique solution ?
If so, find it using matrix method.

Solution : Writing x + 3y + 4z =8
2x+y+2z=5

5x +y + z =7 in the matrix form as

1 3 4||x 8
21 2||y|=15
51 1||z| |7
13 4 x 8
LetA=(2 1 2|, X=|y|land B=|5
51 1 z 7
The system is AX = B.
13 4
Now, [Al =2 1 2| = 1(=1) — 3(=8) + 4(=3)
51 1
——1+24—12
=11 #0
A™1 exists.

The system has a unique solution.
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[a,-j]3 % 3» We have cofactors of the entries of A as,

—

Now, taking the matrix A =

Ap=—LAp=8A;53=73
-1 1 2
adiA=|8 -19 6
-3 14 -5
Now, A7l = =5 adjA
11 19 6
As, X =ATB
x -1 1 27[8
y| = ﬁ 8 -19 6|5
z -3 14 -5]|7
[ —8+5+14 |
= | 64-95+42
| —24+70-35 |
11
|
=17 11
11
1
=1
1
x=1ly=12z=1
[ sin® cos©
1. IfA= —cos® sin@ |» Prove that A™1 = AT. Also find AAT.
[2 3 1
2. IfA=|g5 _, |, prove that ATl = oA
[6 7 5 =2
3. fA=|g g|andB™'=| . 4| find (AB)"\.
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10.

13

12.

13.
14.

15.

7 -3 -3 5 8 1
IfAl=|-1 1 0|andB=|0 2 1 [, find (AB)"L
-1 0 1 4 3 -1
2 2 2 1 .
IfA=25 and B = _12,fmdB AB.
2 -3
Prove that If A2 — 6A + 171, = O, where A = 3 4 and hence find A™L.
-1 2 0
IfA=|-1 1 1], prove that A™1 = A2,
0 1 0
1 1 1
For A=|1 2 -3/, prove that If A3 — 6A2 + 5A + 111; = O. Using this matrix relation,
2 -1 3
obtain A1,

30 30
If A= |: 4 3:| and B = |: 4 3:|, then obtain A2 + AB + 6B without multiplying the given

matrices.
Solve the system of equations by matrix method (if unique solution exists).
1 3x—5vy=1,x+2y=4 (2)3x+4y—-5=0,y—x—3=0

If the following system of equations has unique solution, then find the solution set :

_ 2 3,3 _
(1) 2x+y+z=2 2) " y+z 10
— = 111
x+3y—z=5 x+}’+z 10
Y, Y 3_1,2_
3x+y—2z=6 - y+z 13 (xyz # 0)

a b

For A = [c 1+bc:|, find (&> + bc + I, — aA™L.
a

Two intersecting lines have slopes m; and m, and their y-intercepts are c¢; and ¢, (m; # m,)

respectively. Using matrix, find their point of intersection.

2
Find x € R,ifA=|: ’3‘ 92} and |A| = 3.

2
Findx € R, if [x =5 —1] 1
3

N O ==
o N O

x
4| =0.
1
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16.

17:

18.

19.

20.

21.

22.

23.

24.

1 -1 2
Express |2 1 3| as a sum of a symmetric matrix and a skew-symmetric matrix.
4 -1 5

cos O sino

If A= |: ], prove AAT = 1. Deduce A™1 = AT,

—sin o cos O,

If for square matrices A and B, AB = A and BA = B, prove AZ = A and B2 = B.

If B is a square matrix and B2 = B, then prove that A = I — B satisfies A2 = A and
AB = BA = O.

1 1 3
IfA=|5 2 6|, prove A3 = O. (See that A3 = O, even though A # O)
-2 -1 3

A is a 3 X 3 square matrix, prove that, | adjA | = | A 2.
Find matrix A and B such that A # O, B # O but AB = O.

coso  sino

If A(Q) = |: ], prove A(Q) A(—) = 1.

—sino.  cos o

Select a proper option (a), (b), (c) or (d) from given options and write in the box given

on the right so that the statement becomes correct :

Section A (1 Mark)

(1) A is a 3 X 3 matrix, then |3A| = ...... |A | -
(@ 3 (b) 6 © 9 (d) 27
(2) If A = [ayl, « , such that a; = 0 for i #j then A is ...... (a; # ap) (n > 1) 3

(a) a column matrix (b) a row matrix (c) a diagonal matrix (d) a scalar matrix

0o 0 -1
(3) A= 0 -1 0|, the correct statement is ...... ) 1
-1 0 O
(a) A™! does not exist b)A=(-DI4
(© A2 =1 (d) A is a diagonal matrix
(4) Ais 3 X 4 matrix, if ATB and BAT are defined then, B is a ...... matrix. -
(@) 4 X3 (b)3 X3 ()4 x4 d3x4
(5) If A is skew-symmetric 3 X 3 matrix, |A| = ...... . 1
(@1 b)) o (c) —1 3
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Section B (2 Marks)

(6) The system of equations ax + y+z=a— L, x+ayt+z=a—landx+y+taz=a—1

does not have unique solution if a = ...... -
(@ 1 or—2 (b) 3 () 2 ) —1
a b Xy
(T)IfA=[b a}andA2=|:y x:|,thenx= ...... a V= ]
@x=a+b2 y=0a>—b (b) x = 2ab, y = a®> + b>
©)x=a>+b% y=ab dx=a%+b2% y=2ab

(8) If o and [3 are not the multiple of % and

[ cosfo. cosa. sin(x] x [ COSZB sinBcosBi| — |:0 0:|’ then 0 — B is ...... g =

coso. sino sinfaL sinBcosp  sin’B 00
(a) any multiple of 7T (b) odd multiple of %
(0 (d) odd multiple of T
x 0 2 4 35 21
O If | vyl 7123 =~ |6 3] 7|2 1,thenx= ...... S R ]
@x=3,y=2 b)x=3,y=—2 (@©x=-3,y=—2 dx=-3,y=2
1 -1 1 4 2 2
(10) If inverse of A= |2 1 =3|is % -5 0 o, then o0 = ...... ]
1 1 1 1 -2 3
(@5 (b) =5 ©2 (d—2

Section C (3 Marks)

(11) IfAB=BAandA=|:(1) i:|,thenB= ...... . ]
X x y y X X
@ y 0 ® o » © y @ 4
(12)IfA=|:; :]and A2 — kA — 51 = O, then k = ...... . ]
(@3 (b) 7 ©5 @9
1 3 201
(I3) If[1 x 11|0 5 1||1]| =0, then x = ...... ]
0 3 2||x
@ —9+J— (b) —712J5_3 © -912\/5 ) —7+J_
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0 2y z
(14)Matrix A=|x y —z|if AAT =1, then (x, 3 2) = (eorry very .). (% 3, 2> 0)
x -y z
A1 1 L1 1 L1 1 L1 1
@) (ﬁ’ﬁ’.@) ® (»/E’JE’JEJ © (./5’5’ J @ (JE’JE’JE)

Section D (4 Marks)

| - s -1 -8 -10
(IS)IfA[3 _4 _0} =|1 —2 5| thenA=...
9 22 15
2 1 1 5 =2 2 -1 141 0
@ o 3 4 ®|1 0 ©[1 0 (d) [2 5 4]
-3 4 -3 4
cos2T7t —sin%t-
16)If A = , then A3 = ...
s sin2k  cosZk en
3 3
01 1 0 11 0 0
b d
(@) [1 0] (b) 0 J ©) [0 0] @ [1 J
-1 8 o 1 2 5
(17)Check, whether 11—1 1 -19 14| isaninverseof A=(3 1 1|, if so, then O =
2 6 -5 4 2 1
(a) =3 (b) 2 (c) =5 (d) not exists.

“

We have studied the following points in this chapter :

number of columns, otherwise it is not possible to add the matrices.

la ] + [b;] = lay + byl

1. Matrix : Any rectangular arrangement or an array of numbers enclosed in brackets such
as [ ] or ( ) is called a matrix. The numbers are the elements of the matrix.

2. If two matrices have same order and corresponding elements are same in both the matrices,
then they are equal matrices. A = B = [aij] = [bij] = a; = bij \riod

3. Types of mairices : Row matrix, Column matrix, Square matrix, Diagonal matrix, Zero
matrix.

4. Sum of two matrices : Two matrices must have the same number of rows and the same
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10.
11.

12,

13.
14.
15.

16.

17

18.

19.

20.

21.

Properties of Matrix Addition :

(1) Commutative Law for Addition

(2) Associative Law for Addition

(3) The Identity for Addition of Matrices

(4) Existence of Additive Inverse

Product of a Matrix with a Scalar and Properties :

(DIfA = [aij],an and £ € R, then for £ € R, kA = [kal.jmx,l.
(2) k(A + B) = kA + kB where A, B are matrices and £, / € R
() (kDA = K(IA)

@4 1A=A
(5) CFHA=-A
Transpose of a Matrix : A = [aij]m « n» then transpose of A is AT =A' = [aﬁ]n % m*

Symmetric Matrix : For a square matrix A, if AT = A, then A is called a symmetric matrix.

Skew-Symmetric Matrix : For a square matrix A, if AT = —A, then A is called a
skew-symmetric matrix.

MA+BT=AT+BT, @ @ANHI=A, @) #A)T = AT

Multiplication of two matrics : If the number of columns of A = the number of rows of B,
then the product AB is possible.

Identity (umnit) matrix : In a square matrix, if all elements on principal diagonal are 1
and the rest are 0, then the matrix is called an identity matrix, denoted by L.

Determinant of a square matrix A is deonted by | A |.
|AB| =|A||B| where A and B are square matrices.

Adjoint of a matrix : If we replace every entry of a square matrix A by its cofactor and then
tranpose of this is taken, then the matrix so obtained is the adjoint of A denoted by adjA.

Inverse of a matrix : For two square matrices A and B; if AB = BA = I, then they are
inverse of each other.

Non-singular matrix : If the inverse matrix of a square matrix exists, then that matrix is
called a non-singular matrix. Determinant of a non-singular matrix is a non-zero real number.

Inverse of A is A™1 = Tll (adjA); |A| # 0

A7 can be obtained by elementary rows (or column) operations on the matrix A. (Symbols of
the operations are as determinant.)

Echelon Method of finding inverse of a matrix : Take matrix equation A = IA, now
apply a sequence of elementary row (or column) operations on A on L.H.S. and same to I,
then A of L.H.S. will be converted into I and I on R.H.S. will become A™! as I = ATIA.
This method of finding inverse of matrix is called reduced row echelon method.

Solution of a system of simultaneous linear equations can be obtained by matrix.
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