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INDEFINITE INTEGRATION

What we know is not much, what we do not know is immense.
(Allegedly his last words)
— Laplace

A mathematics teacher is midwife to ideas.
— George Polya

6.1 Introduction

In the chapter on derivatives, we have already learnt about the differentiability of a function
on some interval 1. If a function is differentiable in an interval I, we know how to find its unique derivative
JS" at each point on I. Now, we shall study an operation which is ‘inverse’ to differentiation. For example
we know that the derivative of x> with respect to x is 3x2. Now if we raise the question, derivative
of which function or functions is 3x2? Then, it is difficult to find the answer. It is a question of
an operation inverse to the operation of differentiation.

Let us frame a general question, “Is there a function whose derivative a given function can be and
if there is such a function, how to find it ?”” The process of finding answer to this question is called

‘antiderivation’. It is possible that this question has no answer or it may have more than one answer.

For example, (i) %(x-”) = 3x2, %(x-" — 15) = 3x2 and in general % @3 + ¢) = 3x2, where ¢ is any
. i . — i . — — i 7 =

constant. (ii) i (sinx) = cosx, dx(smx 3) = cosx. In general dx(smx + ¢) = cosx.

Thus, antiderivatives of the above functions are not unique. Actually, there exist infinitely
many antiderivatives of these functions which can be obtained by choosing ¢, from the set of real
numbers. For this reason, such a constant is called an arbitrary constant.

6.2 Definition

If we can find a function g defined on an interval I such that %(g(x)) = f(x), Vx € 1, then g(x)
is called a primitive or antiderivative or indefinite integral of f(x). It is denoted by J J(x)dx.
I Sf(x)dx is called an indefinite integral of f(x) with respect to x. The process (operation) of finding
g(x), given f(x) is called indefinite integration. This ‘indefiniteness’ is upto arbitrary constant.

Thus, the question whether we can find primitive of f is not easy to answer. There are some

sinx

sufficient conditions such as continuous functions and monotonic functions have primitives. is
sinx
x

Similarly, I Jsecx dx and _[ Jx3 +1 dx cannot be expressed as a known function.

continuous, J. dx is defined, but cannot be expressed in terms of known elementary functions.

In If(x)dx, I «...dx indicates the process of integration with respect to x. jf(x)dx

denotes, integral of f(x) with respect to x and in If(x)d.!c, S (x) is called integrand.
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6.3 Some Theorems on Antiderivative :

Theorem 6.1 : If f and g are differentiable on (a, b) and if f'(x) = g'(x), Vx € (a, b), then
f(x) = g(x) + c, where ¢ is a constant.
Proof : Let A(x) = f(x) — g(x), x € (a, b).
f and g are differentiable on (a, #) and hence f and g are continuous on (a, b).

If x|, x, € (a, b), x; < x,, then A is continuous on [x;, x,].
Now, £ is differentiable on (x;, x,) as [x;, x,] C (a, b).
By mean value theorem,

h(xy) — hGy) = K@@, — ). N

Now ¢ € (x, x,) = ¢ € (a b)
But it is given that Vx € (a, b), f'(x) = g(x).

fe) = g

f©) —gk)=0

H() =0 (h(x) = f(x) — gx) = A'(x) = f'(x) — g'(x)
h(xy) — h(x)) =0 Vx;, x, € (a b) (by (i)

h(x)) = h(xy)

flxp) — 80y) = f(xy) — 8(xp),  Vxp, x, € (a, b)
f— g is a constant function on (a, b).

f(x) — g(x) = ¢, where ¢ € R is a constant.
f&x)=gx)+c, Vxe€ (a b)

General Antiderivative : If j—f; fx) = —% (g(x)) = h(x), then fh(x)dx = f(x) and
[ heyax = g(x).

But f(x) = g(x) + c. So fh(x)dx = f(x) = g(x) + c. Here g(x) is a differentiable function
on (a, b) with ‘%:- (gx) = -g;f(x) = h(x). Hence if one integral of 4(x) is g(x), any other integral
of h(x) is g(x) + c. Also if <L (g(x)) = h(x), then <L [g(x) + ] = L g(x) = h(w).

Thus g(x) + ¢ is also an integral of f(x).

Thus, if one primitive of h(x) is g(x), then all its primitives are given by g(x) + ¢,
where c is a constant. As ¢ is any constant, it is called an arbitrary constant.
Let us perform the operation of differentiation and integration successively in any order.

By definition of antiderivative, we know that,
%g(x) = fx), Vx € 1 & [f(x)dx = g(x) + c.
Now, £ [[f()dx] = & [5() + €] = /).

If we first integrate f(x) and then differentiate the integral, we get the same function f(x)

as a result.
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But, J.[% g)| dx = [f()dx = g(x) + c.
If we first differentiate the function g(x) and then integrate its derivative, we get g(x) + c.
Theorem 6.2 : If £ and g are integrable on (@, b), then [ (f(x) + g(x)dx = [ f(x)dx + [ g(x)dx.

L [feyds + L [ gy
fG) + g0

Using the definition of antiderivative,

J(Fo) + goax = [ f(x)dx + [ gx)dx

In general if £}, f,, f5,..., f, are integrable over an interval, then

J LA + £G) ot £,0] = [ 1) + [ f)dx +...4 [ £ (x)dx.
Theorem 6.3 : If f is an integrable function on (a, b) and k € R, then [Af (x)dx = k [f(x)dx.

k <L [ fooa
- ¥

Using the definition of antiderivative,

[ )dx = k[f(x)dx.
Corollary 1 : If f and g are integrable functions in (a, /), then

[ — geax = [f)ax — [gx)dx
Proof : [(f(x) — gdx = [ (F(Idx + (—1)g(x))dx
= [f@ax + [ (—1)g(x)ax
= [f@dx + (1) [ g(x)ax
= [f@)dx — [ glx)dx
Thus, [(f(x) — gx)dx = [f(x)dx — [ glx)dx
In general, I[kl S + & fH(x) .+ k£ (x)]dx
=k [ dx + k[ ) dx .+ [ K, £ (x)dx

Theorem 6.2, 6.3 and corollary 1 are known as working rules for integration.

Proof : % [J.f(x)dx + _[g(x)dx]

Proof : % [k [ £ (o]

6.4 Standard Integrals
n+1

(1) [x"ax =477 +c,n € R - {1}, x € R*.
xn+1 . . 3 + d xn+l 1
nt1 is differentiable for all x € R™ and Ir\n¥1) = m+i [(n + 1)x"] = x"
. . £+ +
By the definition of antiderivative, _[x"dx =477 teo Vx € R™.

(Also let us remember that if g(x) is one primitive then g(x) + c is the general primitive.)

0+1
Thus,forn=0,fx°dx= J(CH_I +c=x+c¢

Id.‘xzx+c
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@ [Llac=log|x|+¢c,x e R- {0}

log | x | is a differentiable function, Vx € R — {0} and ifx>0,%(log|x|)=%logx=i.
4 =4 og(—x)==L =1
Ifx <0, dx log | x| ax log (—x) - e

da =1 -

o log| x| = — Vx € R — {0}

By the definition of antiderivative,
I%dx =log|x|+c, Vxe€ R— {0}.

We write %=log|x| +c,x#0.

(3) [cosxdx = sinx + ¢, Vx € R
sin is a differentiable function Vx € R and % (sinx) = cosx, Vx € R

By the definition of antiderivative,
[ cosx dx = sinx + ¢, VYx € R
In the same way, we can prove that
(4) [sinxdx = —cosx + ¢, Vx € R
(5) [sec’xdx=tanx + ¢, x# 2k — DT, k € Z

tan is differentiable on any interval not containing (2k — 1)%, k€ Z and % (tanx) = sec?x.

By the definition of antiderivative, fseczx dx=tanx +c,x 2 Qk— )2 ke Z
In the same way, we can prove that

(6) Icaseczxdx =—colx +c,x # ki, k € Z

(7) [secx tanx dx = secx + ¢, x # @k — DL, k € Z

(8) Icosear cotx dx = —cosecx + ¢, x # kn, k € 7

9 [a*dx = +caeR" —{1}, x eR

a
log,a

x - - . x 1
10‘;7 is differentiable Vx € R and % (10?58 a] = Tog,a (@*loga) = o, Vx e R

a

* +
Tog. a +c¢,ae R"— {1}.

e

By the definition of antiderivative, f at dx =

Now, for a = e

- e
Jeax = Toge ¢

fe*dx=¢ + ¢, Vx € R

I

1 L —1({X
(1o)fx2+azdx Lian (%) +¢, aeR- {0}, xR
1 = (]
=—Ecatl(§) +c¢, aeR— {0}, x e R

tan™! (%) is differentiable for Vx € R and for any non-zero constant a.
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R tan_l(%) is differentiable for Va € R — {0} and

d 1,-1 -1 1 -1
[ tan ( )] x2 a x2 +a?
a2
R .. . . . dx _ l —1{X
.. By the definition of antiderivative, f 2+d® g tan (a) +¢, Vx e R

Thus, Lion 11X and —Lcor 1 both can be taken as integrals of .
a a a 2+a

Let us try to understand the reason behind this.

Let f(x) = —tarn_1 P and g(x) = —;cot

N1 a

Now, we know that tan™! % + cof™! % =

a a a a 2a

s S — g = K

LS =g+ L

% Fx) = %g(x).

As antiderivative is not unique, Ih(x)dx = g(x) and _[h(x)dx = f(x) does not give f(x) = g(x).
We can say that there is a constant ¢ such that f(x) = g(x) + c.

X—-da

+ ¢, a € R — {0} (on any interval not containing —a and a)

(11)f d" 7 dx =5 log |3

is differentiable and

xXxX—-a
On any interval not containing —a and a, ﬁ log (x5 2

d (L x—a
dx (2a log xt+a

N | — -
) = =L flog|x — a| — log|x + a|]

- L 11 ]
2a Lx—a x+a

1 r x+a—x+a

2a L(x—a)(x+a)

_ 1 (_2a
2a x2 —a?

T x*-a
. .. . .. X —

.. Using the definition of antiderivative, sz_ azdx= i log [+ +c,ae R— {0}
12) |2 =L 1og |2=2] + R— {0 i 1 ining —a and
(12) B =2a 102 |3= c,a € {0} (on any interval not containing —a and a)

1 B 1

We have, Jaz_xz dx = —1 Ixz_az dx

=—L o — I+c
a g x+a|

_ 1 xX+a

= %a log [z—%| + ¢
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A | S
(]3)J-J;_—x2dstml-§+ ¢, X € (—a, a), a > 0,

= hcos_l-:f 4+ & %€ (m a)ya>0.

sin 1 (i) is a differentiable function for x € (—a, a), a > 0

£ (o () - 4
@

lal

1
Jaz—xz

@>0,|a| =a

. . . . .. 1 — ei—1 X -
.. Using the definition of antiderivative. J \/ﬁ dx = sin p +c¢, x€ (—a a),a>0.

. —1 = —pne 1l X g —
As shown in (10) we MVefmdx COS a+c, x € (—a, q)

1 _ _
Also if a < 0, then | 7=——=dx=—=sin 1L + c=cos 1< + ¢. as |a| = —a
7= a a = .
We shall usually use the formula for a > 0.
1 e ovll -1 X
14)J-“_"—"_"dx—»--sec + e |x|>|a]l>0.
( — - o [x| > |a]
=—é—case¢:_1-ﬁ—+ cy, |x|> |a|>0.

Ifae R— {0} and |x| > |al, L sec! (£) is differentiable and

i(lsec—li)zl.—l L
dx \a a a |x 2 ; a
al¥a2
_ o _ laf
2
a I x|y x*—a*
_ 1 a
="
a le‘/xz—a2
_ 1
| x|y x* —a?

1

.. Using the definition of antiderivative, j
I x Isz -a*

dx=isec_1£+c, (x|>]al>0)
a a

. . 1 1 —1Xx
As shown in (10) we can write f— dx = — = cosec ' =+ '
ley/xz—a2 a a
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o )
(IS)Ider*loglx“* *ta’l+c VxeR

%(log|x+,/xzia2|)=ﬁ%(x+,/m)

= L 1+ —=2X
x+,lx2ia2 24 x* £ a?

) szia2+x
B x+szia2 Jx2-l_-a2
1

‘/xz +a?

.. Using the definition of antiderivative, j ﬁ =log |x + " 2+a®|+c, Vxe R

(Note : For existence of %, it is necessary that |[x| > |a]|.)
x“—a

Generally, if g(x) is any primitive of f(x), we will not write f f()dx = g(x) + c. But instead, we
will write I S (x)dx = g(x) assuming that ¢ is included in g(x). According to this, in an equation like

_f S x)dx = _[ g(x)dx + _[h(x)dx, there is no need to write c. It is included in the symbol _[ ..... dx. But it
is necessary to write Ixzdx = %3 + c. Here xT3 is not the general integral. It is one integral.

Thus, we may introduce ¢ when all symbols _[ ..... dx are removed after carrying out integration.
L . P I X .
Again, it is not necessary to write _[xzdx + IT dx = Sttt tagasctois also an
. . 3 4
arbitrary constant. Thus, we can write | x2dx + [ x3dx = L+E+oc

For the following examples, we will assume that integral is defined on some appropriate domain
of R. We use symbol I for an integral.

Example 1 : Obtain the integral of the following functions w.n.z. x.

5 3

2 2 1 1
M) X2 +4F -3 @ EL6>0 O F+ L ta @ T
5 L5, x2#£9 (6 —=—,|x|>2

9-x x* -4

Solution : (1) I = [ (x7 +4.3% - 1) ax

—JoFae + af3a - [La

x%+1 .
=%+1 +4-Fe3—log|x|+c
WA . 3%
=%x2+ Tog,3 —log|x|+c¢
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@ 1= J'(2x+1)3 g — J'8x3+1+12x2+6x .

Vx

oy

J.(Sx +_+12x + GX)dx

x2 x2 x2
3 L1 3 1
=8 [x2dx + [x Zax + 12 [x?dx + 6 [ 7
34, 4. 4
=8. L+ L&+ 2.5 +6.& +¢
2 2 2 2
A 1 s 3
=%x2+2x2+%2 + 4x> + ¢
@ 1-[(E+L vt a)a-L rax+afl abc+Jxadx+Jaxdx
a X a
x
=é — +c
x
=u2ﬁ+alog|x|+ o 1 T loga +c
1
4 I=_|.l+cos2x dx:IZcoszx dx
=l.|'seczxdx
=Etanx+c
1
(5) 1=J'—L9_x2 dx = [ G og? &
_ 1 x+3
1 x+3
—glog ~—3| T ¢
6 I=[—-L=dx = [ =L— dx
J. 'x2_4 -ll ’x2_22
=log | x+ J(x)2-(2)2 | +¢
=10g|x+"x2_4 | + ¢
Example 2 : Evaluate the following :
44 .2 2
25 x* + x* +3)dx (x* +5)dx 5
1) J4x +9 (Z)J.gx —25 > ¢? 3 2x2 +1) @ x2_5 , X2 # 5
(5 ‘[ f :’_Li:; (6) Iseczx - cosecx dx
L _ 1
Solution : (1) 1 .[4x2+9 dx
=_ x?+2
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4.2
[ _[Eax+s
@ 1 _I9x2—25dx QA _,[ e
1J’ 1 _sz(x2+1)+3
R —) 2+
QJ 2 52 ‘Jx 2J.( x2+1]dx
)~ (3)
_1 73 ~1 3 [ =2
5o e e - 41w + 3 [T o
3 3
=1 > —1[x2]e 3,
=35 lo 3x_|_5‘+c _E[XT]"'E’“" x+c
3 + > tan 'x + ¢
[ X245 2 [ sinx
@ 1=|Fsdux2#5 &) 1= | 2w
(x> —5)+10 [ sinx 1— sinx
=T 25 dx = T+ sin X T=sinmx &
;o p s - 2
1+ _ [ sinx —sin"x
J ( xz—sj dx J 1-sin%x
o o .2
=Idx+10‘|‘ 1 dx _ Sinx — sin "X
2 - (V5) J  cos’x
_ 10 x=45 _[(=sinx_  _sin’x
_x+2J§ log X+J§ +c = (coszx—coszx)dx
x—45
=x+ J5 log ~+v5] T ¢ = [(secx tanx — tan’c) dx
=J'secx tanxdx—_l'(seczx— 1) dx
=_[secxtanxdx—_[seczxdx+fldx
=secx — fanx + x + ¢
6) 1= Iseczx - cosec?x

1
.[ cos*x sin*x

sin 2x + cos %x
sin 2x - cos %x
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sin %x cos *x

= . +
,[ sin x cos *x sin x cos *x
= I(seczx + cosec?x) dx

= [sec®x dx + [cosec’x dx

tanx — cotx + ¢

€OS 2X — €OS 20
Example 3 : Evaluate : COS% — COS O

. cos 2X — Cos 20
Solution : I = COSX — COS O

(2cos?x—1) — (2cos?0.—1)
= dx
(cosx—cosn)

cos?x —cos?o. e
- COSX— COSO.

= 2](cosx + cosQl) dx
= 2Jcosx dx + 2cos0LJ1 dx
= 2 sinx + 2cosO. - x + ¢

= 2 (sinx + xcosQt) + ¢

1—sinx
1+ sinx

NI

Example 4 : Evaluate : J.tan_1 dx, —% <x<

1—sinx
1+ sinx

Solution : I = -[tan_l dx

Il
'—. '—.
—
ENE]
|
0o
S
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Example 5 : If £'(x) = 322 — ﬁ and £(1) = 4, find £(x).

Solution : We have, f'(x) = 3x2 — %

X

f@) =[@x2 — 2x73) dx

SO =3% — 25 4 ¢

f@=B+ F+e "

Now, £(1) = 13 + 1% e

4=1+1+c

c=2 r@ =4
F)y=x3+ x_12 + 2 (Substituting ¢ = 2 in (i)

Exercise 6.1

Integrate the following functions w.r.f. x considering them well defined and integrable
over proper domain :

3
503+ x%+2 1
1. 3x2+5x—4+ L+ % 2. —/—F=—— 3.(J;+—]
x o Jx Jx Jx
4. (@2 + bx + )Jx 5. % + & + ef 6. ealogx 4 pxloga
v x> —8 - 1 g 2x3 +18x—1
ox?2-2x 8.2+ ‘/x2—9 . x*+9
2x* +7x% + 6x2 x*+x2+1 x8+2
e x? +2x R Jra 12. 75
13 xrl 14. 3sinx + Scosx + —L 4 4+ tan?
. x2 +1 « ISInX COSX cos 2x sin 2X tan<x
2 + 3cosx 2
15. 52, 16. (tanx — 3cotx)? 17. o
-6 6
COSX 1 sm o x+cos x
18. cosx —1 19. Tcosx 20. sin x cos *x
—_cotx
21. Zoseck —cotx 22. m% 23. (atanx + bcotx)?
2
24. 75— 25. If £'(x) = 8x3 — 2x, £(2) = 8, then find f(x).
o

6.5 Method of Substitution for Integration

If the integrand f(x) is in one of the standard forms or it can be put in one such form, it can be
easily integrated. But if the integrand f(x) is not in one of the standard forms or cannot be easily
converted in one such form, then we may use a very useful method of substition.

In this method _[ f(x)dx is converted into J' g(H)dt by a proper substitution x = ¢ (£), where _[ g(Hdt

can be obtained by using standard forms or some known method. Now, let us prove the theorem
which is called the rule of substitution for integration.
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Theorem 6.4 : g : [0, B] — R is continuous on [, B] and differentiable on (x, P). g'(?) is
continuous on (o, PB) and g'(® # 0, V¢ € (a, B). R, Ca bl and f: [a, b)] > R is
continuous, then x = g(), gives

[f@dx = [f (@) g'@at.
Proof : Since f is continuous on [a, 5], _[ f(x)dx exists. Now, x = g(¢) is continuous on [0, B] and

f(x) is continuous on [a, b].

So f(g(®) is also continuous on [0, ] and g'(¢) is given to be continuous. Hence f(g(¢)) £'(¢)
is continuous. So,
I f(g®) - g(Hdr also exists.
Let h(x) = [ f(x)dx
Hx) = f(x)
Since x = g(¥)
KEg®) = f(®)
As h is a differentiable function of x and x is a differentiable function of ¢, 4 is a differentiable
function of .

L ng@) = <L (hog))
= K(g®) 20)
= f(e®) 2()

L ng) = 1) £
n(g®) = [f(g) g(adt
hx) = [ f(g®) gyt
S [ = [f(g®) gt
Here on the left hand side, we have a function of x. On the right hand side, we have a function
of ¢. Since g'(f) is continuous and non-zero, x = g(f) is one-one function. Hence ¢ = g~ !(x) can convert
the function on the right hand side into a function of x.

In this rule, a new variable is introduced replacing the variable x. Hence, it is called the method
of change of variable also.

Note : (1) In the formula for the method of substitution, g(r) = x converts the right hand side
according to [ f()dx = [£() % dt.

(2) According to the definition, for y = f(x), f'(x) = %

Here, B is not ratio of dy and dx.

dx
(dy)

But f'(x) = ) where dx and dy are ‘differentials’ of x and y respectively. Thus, we can write

dy = f'(x)dx. Hence, if ¢ = sinx, then df = cosx dx. (We will study this in the next semester.)

(3) Commonly used functions &*, sinx, cosx, secx satisfy the conditions of the theorem on some
interval. Thus we will not verify these conditions every time.
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Theorem 6.5 : If [f(x)dx = F(x), then [f(ax + b)dx = T;-F(ax + b) where f: I = R is continuous
on some interval L. (@ # 0).
Proof : Let t = ax + b. Sox=%.
Hence, x = g(f) is continuous and differentiable and =+ d i g = % # 0. Also g'(¢) is

continuous.

[f(ax + b)ax = [ S ar
= [rog a

= 5 [r@ar
—iF(t)
= % F(ax + b)
Thus, (1) [ dx = J:ln_:ll + ¢ gives [(ax + b)Y'dx = % +c

@ JLav=tog|x|+c gives [ rypds =L log |ax +b| +c

3) Icosx dx = sinx + c¢ gives Icos(ax + b)dx = L szn(ax +b)+c

(px+q)—(a)

1 wpwx+q - @
8l px+ )+ @

1 1 XxX—a . -1 _1
(4)I X —a? dx—Elog Tt a +cg1ves_[ P+’ - @) dx—P 'El

+c

We can also use all standard forms stated earlier in this manner.
Theorem 6.6 : [f(x)]" f'(x)dx = -[-f%?:—i, (n # —1, f(x) > 0) where f, f' are continuous and
S['(x) = 0.
Proof : Let £ = £(x). So 1 = f’(x)%
Again f'(x) # 0 and is continuous implies # = f(x) is one-one and

[ roa = [ror (fo%)a

=[-1a
tn+1
“n+1 te
n+1
Jrer ree =LE 4 €=/ &)
. N2+ .
Thus, (1) Isinzx cosx dx = f(sinx)z (% sinx) dx = % +c= sm33x +c

(2) J. cos 2x dx = I(tanx)2 sec’x dx = I(tanx)2 (% tan.x) dx = 1.1 +c
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(3)J.'/xzx—+5dx 12—

X +5

1
-1 Jc+5)_E+1
—1fe2+5 T 4L R+sd=1 T2 — o= [2i5+c

1
-1+1

Theorem 6.7 : If f is continuous in [a, 5] and differentiable in (a, 5) and f' is continuous and

non-zero, Vx € [a, b] and f(x) # 0, Vx € [a, b], then I ”j«((;))dx =log|f(x)| + c.

Proofl : f'is continuous and non-zero. Hence, f is monotonic (increasing or decreasing) function.

Substitution ¢ = f(x) gives x = f1(9)

N Or
S'@ 1S ® gx
Now, [ Fiyae = [y - Sx i
=[1
=[La
=log|t|+c
f'x)
f(x) =log|f®)|+c
Thus
1 [_2x
2 J.x2—15
d 2
=~Hx -15)
=L [f—a=Liog| 215 +c
2cosx — 3sinx 1 [ —6sinx + 4cosx
@ | Goosx T asine @ = 3 | Gcosx T asinx.

J' —(6cosx + 4sinx)
(6cosx + 4sinx)
= % log | 6cosx + 4sinx | + ¢
6.6 Some More Standard Forms
(16) On any interval I = (Im: Qk + 1)!2‘-) or ((21: -1k, k-;:) keZ
[tanx dx = log | secx | + .

secx tanx
Here, _[tanx dx = J.— dx (secx # 0)
On given interval, £ = secx is continuous and differentiable and non-zero and -‘%% = secx tanx is
also continuous and non-zero.
Taking, ¢t = secx, dt = secx tanx dx
secx tanx
s Jtanx dx = J—

=J‘%dt

dx
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=log|t|+c

=log | secx | + ¢

(17) On any interval I = (Jm, Qk + 1)—2’-] or ((Zk -1nE, lm:) kelZ
Icotx dx = log |sinx| + c.

Here, Jcotx dx = J-M dx
sinx

On given interval, ¢ = sinx is continuous and differentiable and non-zero and -c%% = cosx is also
continuous and non-zero.
Taking ¢ = sinx, dt = cosx dx

Jcotx dx =I%€ dx

=41

=[ra
=log|t|+c
=log | sinx | + ¢

(18) On any interval I = (k‘rl:, 2k + l)%) or ((Zk - L, Jm), ke Z
Icosecx dx= log | cosecx — cotx |+ e, x #kn, k € Z
= log ]tan% | + ¢

On given interval, 1 — cosx # 0 and sinx # 0

1—cosx R .
S, cosecx — cotx = B # 0 in the domain.

_ _ [ cosecx (cosecx — cotx)
Now, I = _[cosecx dx = J (Cosecx — cotx) dx

dx

j cosec 2x — cosecx cotx
cosecx — cotx

Now, ¢t = cosecx — cotx is continuous and differentiable and non-zero and

% = cosec’x — cosecx cotx is continuous and non-zero on given interval.

) _r1
Sl =]+
=log|t|+c
= log | cosecx — cotx | + ¢
. B 1— cosx
Again, log | cosecx — cotx | = log P
2sin? £
=log |7 . x X
2sin<- cos
= X
= log |tan 5
Thus, _[cosecx dx =log | cosecx — cotx | + ¢
- X
= log |tan 5|t ¢
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(19) On any interval I = (km, @k + D) or (2k — DE, kn), k € Z
Isecx dx = log |secx + tanx | + ¢

= log |lan('%'+%) | +¢

1+ sinx
COSX

secx + tanx = is defined and non-zero as x # (4k — l)%, ke Z

On given interval, 1 + sinx # 0 and cosx # 0

secx (secx + tanx)
Now, 1 = [ secx dx = _[ PO a—

Now, t = secx + tanx is continuous and differentiable and non-zero and

% = secx tanx + sec*x is continuous and non-zero on given interval.

I J- sec?x + secxtanx

secx+ tanx
=[1
[L ar
=log|t|+c

= log | secx + tanx | + ¢

1+ sinx
cosx

Again, log | secx + tanx | =log

in2 X 2 X 2 X X
sin 2+COS 2+2Sln20082|

=log
2 X . 2 X
cos” < —sin” 5 |

X 4 sinX)?
(cos2+sm2) |

= log

(cos? %— sinx? %)l

cos <+ sin
2 2
= log| ——=

X . X
COS2 sz

1+tan§
_ X
1 tan2

=g | con (343

Thus, _[secx dx = log | secx + tanx | + ¢

=log|tan(%+%) | +c

= log

2x% +5x% +3x+1
Example 6 : Evaluate :j %=1 dx
Sakitton § I _J'2x3+5x2+3x+1 e
olution : I = =1

=J(2x—1)(x2+3x+3)+4 dx
2x -1
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=J(x2+3x+3+ﬁ)dx

= [ dc+3 [xde+3 [dr+4 [ 55

sz+3xT2+3x+4><%log|2x—1|+C

sz+%x2+3x+210g|2x—l|+c

Example 7 : Evaluate : I( J16 1 ox? + > —19x2 ) dx

1

Solution : I =J(_Jm + m) dx
_I+ I+
“I e E o -aor

_ 1 ..—1(3x 1 1 5+ 3x
Lsin™1(3E) + 535 % 4+ log |5=

Example 8 : Evaluate : [ (7x + 5)/3x + 2 dx
Solution : We will find m and » such that
Tx+5=mBx+2)+n
Ix+5=3mx+2m+n
Comparing the coefficient of x and constant term on both sides,

3m=T7and2m+n=>5

m= and%+n=5.Thusn=5—ﬂ=%

3

1
3
I =[[mBx+2)+nlf3x+2 dx

=_[[%(3x+2) +%]de

_ _[ [%(3x + 2)% +1Gx+ 2)%] dx

=

3
=%J’(3x+2)2dx+§ _[(3x+2) dbx

T3 e t3axg t

5 3
_ 14 2 2 2
=45 (Bx +2)* + 57 Bx+2) +c¢
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3x+4
Example 9 : Evaluate : J‘m dx

3x+4
Solution : I = J.m dx
I—mx+$+—

,/4x+
3 4x+5
=zf,/4x—+ de+ g fmdx

L
2

Bl

j(4x+5)2dx+ Lf@x+5 % a

1
@x+$2 | (4x+5)2

= +c
3 1
4x3 4 4axs3

Alw

3 1
=L@ +5>+ 1 @x+5)2 +c
Example 10 : Evaluate _[sin"x cos*x dx.

Solution : I = [ sin*x cos*x db.

% _[(2sinx cosx)* dx

= [ (sin2x)* dx

2
1 1—cos4x
= (—2 J dx

é J (1 — 2cos 4x + cos?4x) dx

1 1+ cos 8x
—EI(1—2c0s4x+ - )dx

_[ (3 — 4cos 4x + cos 8x) dx

128

_ 1 __ 4sindx sin Sx]
8 [3x ) + +c

128 [3x — sin 4x + —sm 8x] +c

Example 11 : Evaluate : [ sinax cosbx dx, a # £ b
Solution : 1 = [ (sinax cosbx) dx

= % I(2sinax cosbx) dx
= % J [sin (ax + bx) + sin(ax — bx)] dx

= 1 [[sin (a + b)x dx + L [ sin(a — byx dx

:_E_7ﬁ?___5__777_+c
1 [cos (a+b)x cos (a b)x
2 [ a+b ] te
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Example 12 : Evaluate : Isinx sin2x sin3x dx

Example 13 : Evaluate : I

Example 14 : Evaluate : I

Solution : T = [ sinx sin2x sin3x dx
= % | @sin 2x - sinx) sin3x dx
= % I (cosx — cos3x) sin3x dx
=1 I(Zsin 3x cosx — 2sin 3x cos3x) dx

| (sin 4x + sin 2x — sin 6x) dx

A=

-hl»—-

cos4x coSs2Xx cOS6X
[ 7 7 T % ]+c

cosbx — T16' cosdx — % cos2x + ¢
1

sin(x — a) cos (x —b)

R~

dx

. 1
Solution : I = J. Sin (% —a) cos (x — D) dx

_ 1 cos (a—Db)
~ cos(a—-b) Jsin(x—a)cos(x—b)

dx

cos[(x —a) - (x —b)]

1
~ cos(a—b) .I- sin (x — a) cos (x — b) dx (cos(b — a) = cos(a — b))

cos(x—a)cos(x —b)+ sin(x—a) sin(x—b)

_ 1
~ cos(a—Db) .I. Sin(x — a) - cos(x — b)

= cos (; —b) .“ [cot(x — a) + tan(x — b)] dx

1 .
= Cosa—b) [log | sin(x — a)| — log | cos(x — b)[] + ¢

1 |sin(x—a)|
cos(a—Db) log |cos(x—b)| te

sinx cosx
3sin?x — 4cos *x

Sinx cosx
sin’x — 4cos ’x

Solution : I = _[ 3
Let 3sin?x — 4cos’x = ¢
[3(2sinx cosx) + 4(2cosx sinx)]|dx = dt
l4sinx cosx dx = dt

sinx cosx dx = ﬁ dt
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" —_1 COSX )
Example 15 : Evalaute J. 2-3cos2x Example 16 : Evaluate : I 31— 9sinx dx (sinx < -é—)
1
Solution : I = J._— dx
2-3cos2x Solution : I = _[ 31— Osinx fo;;-m dx
— 1
- .[ [1_;an2x] dx Taking 1 — 9sinx = 3, —9 cosx dx = 312 dt
2 -3
1+ tan’x
S cosx dx = —% 2 dt
3 sec*x dx
_I2(1+tan2x)-3+SMn2x ) — 2 dt
.o I = I yt—:;
J' sec’x dx
=) stanx -1 __1
n-x L[ ear
Taking tanx = t, sec?x dx = dt
=1 (ﬁ) +c
. _ dt 3\ 2
S I = J 512 — 1 ,
=—1 (1 — 9sinx)® + ¢

_ __dt
=) )2 —@?

1 5t —1
=205 o8| Greg| e
1 J5 tanx —1
=205 08 | Fane+1| €
cos °x E le 18 : Eval JM o
Example 17 : Evaluate J- prees dx xample : Evaluate ﬁ
9 x? sin~1(x?)
Solution : I = I co:s X dx Solution : [ = -[—6' dx
sinx Jl—x
Taking sinx = t, cosx dx = dt 2
£ Taking sin"1x3 = ¢, jlx;dxﬁ =dt
2_\4 - X
RO | =I£C(;‘;Tx)cosxdx 2 g
. ie. === {di
= J-w cos x dx
Sinx xzdx
- S L= Isin 1x3) =
_ J' a-" 4 1-x
! 1
= [ 3t-dr
_[1-42+6t* — 4t + 8
B t dt N
=1[g]+e
=[(1_ _ 7)
_[( s — 4+ 660 =48 + 1) dt — L [sin 2 +

- Y S AR VLA i
log | 7| 42+4 3 +8+c

4 — Zginbx + %sinsx +c

= log | sinx | — 2sin*x + %sin 3
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10.

13.

16.

19.

22.

25.

28.

31.

33.

3S.

38.

41.

44.

47.

50.

Exercise 6.2

Integrate the following functions defined on proper domain w.r.t. x.

1
5x—3 2.

5%+3 _ 36in(2x +3) 5.

x3+2
x+1 11.
cot? (3 + 5x) 14.
l1+cosx, 0<x<T 17
X+2
x+1)? 20
x‘/x+3 23.
8x +13
Jax+7 26
sin3(2x — 1) 29,
cos2x - cosdx - cosbx 32.
’1+cosx
T-cosx 0<x<T 34.
sin x
sin (x — a) 36.
3
Bx2—4x+5)? 3x—2) 39
()
sin “(log x) 42.
x
1-tanx
1+ fanx 45.
%614 %1
€ 10" 48.
2+ b tan x> (@< Db) 51

X T4 4 (5x —3)8 3.

1

\/sz -4

S 3x 12,
sin? (3x + 5) 15.
1
3Ix+4-J3x+1 18.
x% +1 :
x+1? 1
X
‘/m 24,
cosx 27.
cos2x - cosdx 30.

1

‘/1 — COSX

sin mx-sinnx, m #n, m, n € N

1

sin(x—a) sin(x—b) 37.
xX+3
. sz +6x+4 40.
‘/1 + logx 43
— 2
e 1+ x) "
cos %(xe*) 46.
Btan’x + 2) sec 2x %
(tan 3x + 2tanx + 9)? :
xsin ~1x2
52.

‘/l—x4

72%+3 sin 22x + cos %2x
sin%2x

1

,/16— 9x2

2x + 1?3
x—2

1
S5x—2 4 ———
T+ oy )3

1-cos 3x
sin 23x

1
V5-2x+3-2x

x3+3x%2 +2x+1
x-1

x+1

J2x+1

3 3

sin’x cos’x

sin4x
sinx

3x+2
3-2x

J'C3J5x4 +3

sin 2x
(m + n cos2x)?

e cosec? (2¢* + 3)

sSin2x

(bcos *x + asin 2x)?

3
(tan'x) 2
1+ x?
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e* log(sine)

log(x +1) —logx
. 4, —— ; 3
53 rand 5 XX+ 1) 55. tan’x
4 6 _1
56. secx tanx 57. tan®x 58. m+m
2 1 1
59. 1 60. ,20052x + b2sin’x 61 3 osinx
(x+2)3
sinx 1 _1
62. Sin3x 63. 3cos 2x + 3sin 2x + 1 64. “35in2x + cos 2x

%
6.7 Trigonometric Substitutions

Sometimes using proper trigonometric substitutions, we can transform given integrand into a form
whose integration can be easily obtained. Particularly, when expressions like x2 — a2, a®> — x2, x2 + a?
occur under square root in integrand, trigonometric substitutions are very useful.

x2

4-x?

Suppose our aim is to obtain _[ dx, (x > 0)

Let x = 2sin®. Then dx = 2cosO dO, O € (0, %)

1=_[ 2

4-x?

_ J- 45in 20

‘/m - 2c0s0 4O

_ J‘ 4sin?0-2c0s0d 0

2c0s50

(cas@ >0as 0 e (0-7-;—))
= 4] 5in?0 d©
=4J 1—c;)s29 40

=2[9— si11226]+c

=20 — 25in0 cosO + ¢

m
——
e
N1E
h—

Now, x = 2sin0. Hence O = sin_l(%), 0

2sin0® cos9=2-% 1-% = 1y 4— x2

. =92¢in1(X) — 1
s 1= 2sin (2) 2x"4_x2 +c
Following is a list of some frequently used substitutions. Mostly they are used to remove radical

sign from the integrand. Usually we will take 0 < 0 < %
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Integrands Substitution
%2 +a? x = atan® or x = acot®
X2 —a2 x = asecO or x = acosecO®
a2 —x2 x = asin® or x = acosO
Z;; x = acos20
2ax— x2 x = 2a sin?0
J2ax—x2 = Ja2—(x—a)2 x — a = asin® or acosO

—1
Example 19 : Evaluate : _[xm dx

1
Solution : Here, T = [ —J—= d
olution ere T 5
Let x2 = b2secO

2x dx = b%secO® tan® 4O
2x dx

Now, I = -I.—sz o — b

B J‘ b? secOtan®d O
2b2 sec 9Jb4 sec %0 — b*

7 | 40

- @)+ ¢

2 2
But, since x2 = b%secO, secO = 2—2, 0= sec_lg—2

2
1= ? sec_l(%) + ¢

Example 20 : Evaluate : I 3-x dx, 0 <x<3
X

Solution : Here, I = I_,/B—x dx
x

Let x = 3sin%0

Then dx = 3(2sin® cosO) dO

(0<9<12t-)

©0<06<%

T
(0<9<-é—)
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= J'—q?,—3sm29 6sin® cos® 40

3sin 20

2
243 cos?0 40

sin®
_ 1-sin?0
=203 [ o
=243 [ (cosec® — sin©) dO
= 243 [log | cosec® — cot® | + cos®1 + ¢

But, since sin?0 = ?, cos’0 =1 — ? So cosO = 3—Tx

cosec?® = 2. So cosec® = F
x x

Also 1 + cor?0 = % So cof® = "%—1 S Kk

26 e~ )]+ ]+

2
Example 21 : Evaluate J._Vx:'l dx, (x < 0)
X

/ 2
Solution : I = J‘x_4+1 dx
X

Let O = tanIx, —% <0 <0. So, x = tan 0.

dx = sec?0 40, 0O € (—%,0)

J‘ sec® . sec?

_ J‘ cos0
sin “6

= [ (sin@)™* %(sine) do

(secB >0as 0 € (“J‘;‘ﬂ))

- (sin(:)‘3 +ec

__1 1

; + c
3 sin’0

= —% cosec30 + ¢

Now, tan® = x. So co® = i

and cosecO = —‘,1 +cot20
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1 A+xH)?
= — —
3 3 c
Example 22 : Evaluate : J‘ﬁ dx, (x > 2)
(x-1D2 (x-2)2
Solution : I = J‘+
(x-12 (x-2)2
Let x — 1 = sec?0, dx = 2secO secO tan® dO ©<0 < _g_;_ )
s dx = 2 sec?0 tan® 40O
2sec?0tan0 d 0
s I = 3 -
(sec?0)2 (sec?0—1)2
_ J' 2sec?0tan0d 0
sec 30 -tan®
=2 _[ cos@ do
= 2sin@ + ¢
Now, sec20 = x — 1. So cos?0 = 71__1
-2
and sin20 =1 — cos20 = 1 — —— = X

s sin = Ji—? (0 <0< %)

x—-2
S I=2 -1 +¢

6.8 An Important Substitution

1

. . 1 1 x _ .-
If the integrand is 77 7nr > G+ beosx O a+bsinx+ccosx» then tans = t is a useful

substitution. Using this substitution, we can transform integrand into a standard form of ¢.

Taking tan% = t, sec?X . % dx = dt

2
o 2dt 2dt —2dt_
- = —3 — 2
sec’:  1+tan*s 1+
X _ 2X
. 2tan7 2t d 1-tan ) 1— t2
sinx = 1+tan2§ = T+¢2 and cosx = 1+tan2§ =12

This will transform the integrand into a function of ¢
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Example 23 : Evaluate : ,[1—2sinx dx

2dt

X =
2

N J' 1 2dt
- = e~ " 2
1_2[ N ] 1+1

Solution : Let tan

1442
_ S S
=2 ) a1 At

—_1
=2_[t2—4t+4—3 dt

1
B 2-[ 27—

t-2-43

t—2+\/§ te

= 1
—2><2J§ log

1 tang-—Z—Jg
75 log tan& -2 + 43 te

dx

Example 24 : Evaulate Im, o e (0,7

Solution : I = I COs ad-f COSX

2dt 1-¢2
Let tan% =t Sodx =7, ,2, cosx = 1+2
. N S 2dt
T 1-12 " 1+

COS(X:+—2
1+¢

2dt
_Jcosa+t2-cosa+l—t2

dt
= 2_[ 1+ cos ) — (1— cos Q)L

dt
=2 _[ 2cos*% - 25in*% -

dt

-[ (cos %)2 ~(t sin )

2

cos%+sin%t|
. +c
cos%—sm%tl

1
= 3 lo
2szn% cos% g

Q. X
1+tan = -tan 3

sina 1og 1-tan % -1an X

+c

, 2t _
t.So,dx =7, and sinx = T 2
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6.9 Inmtegrals of the type [sin™x cos"x dx m, n € N

If m, n € N, the following cases may occur :

(1) m, n are odd (2) m is odd and » is even.
(3) mis even and »n is odd (4) m and » both are even.
Let I = Isin”’x cos"x dx

Case 1 : m, n are odd.

We may take sinx = ¢ or cosx = . Usually if m > n, sinx = ¢t and if n > m, cosx = t will

be convenient.

Case 2 : m is odd and 7 is even.
We take cosx = 1.

Case 3 : m is even and »n is odd.
We take sinx = ¢.

Case 4 : m and n both are even.

1-cos2x 1+cos2x
Zx = ————— and COS2X = —_——

In this situation, we transform sin™x cos™x using sin > >

For small values of m and n, these methods are simple. For larger and negative values of

m and n, other methods are availables, but at this stage we will not study them.

Example 25 : Evaluate [ cos?x sinx dx Example 26 : BEvaluate [ sin?3x - cos3x dx

Solution : Here, m = 5 is odd. » = 2 is even. Solation T = jsin23x . cos3x dx

».  Let cosx = t. So —sinx dx = dt Here, m = 23, n = 3. m and » both are odd.
S sinx dx = —dt But m > n. Let sinx = t, so cosx dx = dt
I = [cos®x sin®x dx I = [sin®3x cos?x cosx dx
= [ sin*x - cos®x - sinx dx = [ sin®x (1 — sin®x) cosx dx
= I(l — cos?x)? - cos®x sinx dx = _[t23 A —2)de

=] — 2?2 (—di) [ @3 = 25 ar

= [ =22+ AY—2)adr = _
I X—) L — L
=[@A -6 —>A)adt _ sin¥x _ sin26x+c
5 ; s 24 26
— 22 _t _
5 7 3 te¢
=25 — 1.7 — L.,:3
SCOS X 7COS X 3C'OS x + ¢

Example 27 : Evaluate Isinzx cos*x dx

Solution : I = Isinzx cos*x dx

Here, m and n both are even.
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11.

13.

£
17.

19.

. sin’xcostx = %(4sin2x cos’x) cos*x
= %sin22x - cos’x
1(1-cos4x\(1+cos2x
=7 2 2
= % (1 — cosdx + cos2x — cos4x cos2x)
= % [1 — cosdx + cos2x — (2c0s54x cos2x)
2
= 31—2 [2 — 2cos4x + 2cos2x — cosbx — cos2x]
= 3—12 (2 — 2cos4x + cos2x — cosb6x)
w1 = 3—12 | 2 + cos2x —2cosax — cos6x] dx

sin2x _ 2sindx

1
§[2x+ 2

1

sin6x
3 ] +c

i [12x + 3sin2x — 3sindx — sin6x] + ¢

] Exercise 6.3 |

Integrate the following functions defined om proper domains using trigomometric

substition :

1

xZJI _x2 (lxl < 1)

1

3

@? + x*)2

1 © < x < 24)
2ax— x2
= (0<x<a)
K0+ x2y

2

— (Ix] > al)
(x* - a*)?
I B

1 1 (x>2)

(x—1)2 (x -2)2

1
M S—
1+ sinx+ cosx

1
5+4cosx

1
2—-cosx

2.

10.

14.

16.

18.

20.

. X

2
V¥ 0<x<3)

x2

.x2 a6—x6, (0<x<a)

(16 — 9x2)2
a? - x?
a?+ x?

O<x<a

25— x2

> 0V<x<5)

X

_
3+2SIinx+cosx

1
1+ cosOlL cosx

m (O<x<%)
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21. sin*x cos®x 22. sinx cos\O%
23. cos3x sin'x 24. sin®x cos*x
25. sin’x 26. sin'x cos’x

*

6.10 Integration of the type (1) Iﬁ-ﬁm— and J"—-—W
()J' Ax+B Ax+B

dx and j—'— dx
ax® +bx+ec Jax’+bx +c

(1) To evaluate this type of integrals, we express ax> + bx + c as the sum or difference of

two squares.

a2 +bx+c=a x2+éx+£]
-3 a a
=a x2+2x+ b _ B +£]
a 4a
- 2 2
- bY _ b —4ac]
a (x+ 2 =
b? — 4ac
= a [(x + o) — B2], if b2 — 4ac > 0, where [32=T
2 _
= a [(x + 02 + B?], if b2 — 4ac < 0, where Bz=_%

dx dx
Thus, ax? + bx + ¢ = a [(x + o¢)? = B?]. Hence J 2 +bx+c and _[ m can be evaluated

using previous standard forms. Now let us understand the method by the following examples :

b 2
(Note : If b2 = 4ac, then ax®2 + bx + ¢ = a(x+ﬁ) )

dx
Example 28 : Evaluate : _[ 3x2 +13x — 10

o f—dx
Solution : I = 3x2 +13x—-10

=3_[x+ Ly-
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1 3x—2
=77 log [3z+5)| T ¢

L= 3x—-2
(Nnte H | —ﬁlog 3x+5| T ¢

=%[log|3x—2|—log3—log|x+5|]+c

— 1 3x-2 ' (R U
—ﬁlog| 3 |+c where ¢' = ¢ = log3)
1
Example 29 : Evaluate : I [x( - 2x) dx (0 ol -%L)

1
Solution : I = Iﬁ dx

o

Il
Sk
—_—

-
|...
|
/N
=
%)
|
B
+
&k

Il
sk
—_—

—_—
ENEN
~—
(]
|
— |
=
|
=
~——
N

1
_ L . iy
—ﬁsm % + c

= % sinl(4x— 1) +¢

(2) In order to evaluate this type of integrals, first we find constants m and » such that,
Ax + B = m(derivative of ax2 + bx + ¢) + n
Ax + B = mQax + b) + n
Ax + B = 2ma)x + (mb + n)
Comparing the coefficient of x and constant term on both sides, we get
A =2maand mb+n=8B

m=-2L and n=B — mb
2a
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Ax+B B m2ax+b)+n
Now, .[wc 2rbxte T ) a@ tbrte
2ax+b 1
.[ax2+bx+c dx + n_[ax2+bx+c dx

1
mlog | ax? + bx + c| +n ,[ax2+bx+c dx

For the first integral, we use I% dx = log | f(x) | and for the second integral, we have to use

method (1) of making perfect square in the denominator.

oW o Jax2+bx+c Ja? +bxtc
m(2ax+b)
=.[ ax? +bx+c dx+n_[ ax2+bx+c dx
-1 1
=m [(ax? + bx +¢) 2 (2ax+b)dx+n'[ W2 +bhrtc
1
@ +bx+o? -1
=m 1 +"I al +bx+c &
1 1
=2m(ax2+bx+c)2+nI W2 tbhrtc &

Lf (o1 *!

11— and to evaluate the second integral,

For the first integral, we use I[f(x)]” Sf'x)dx =
we have to use method (1) of making perfect square in the denominator.

2x+3
Example 30 : Evaluate : jm dx

Solution : First, we will find constants m and # such that 2x + 3 =m % Gx2+4x+5)+n
2x+3 =m6x +4)+n
2x+3=(6mx+4m + n

Comparing coefficient of x and constant term on both sides, we get 6 = 2 and 4m + n = 3.

m 3and 3+n 3. Thus, » 3
2x+3 26x+4)+2
I .[3x2+4x+5 _I3x2+4x+5

1 [SxF4 5 1
-3 ,[3x2+4x+5 &+ 3 I3x2+4x+5 dx
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. 6x +4 1
=3 _[3x2+4x+5 dx + 5 J.9x2+12x+4+11 dx

1 6x +4 1
=3 J3x2+4x+5 dx + 5 _|.(3x+2)2+(\/ﬁ)2 dx

log|3x2+4x+5|+L tan_lw+c
3/11 Ji1

|
0 =

2x+3

Example 31 : Evaluate : Iﬁ dx

Solution : Here, the derivative of denominator x2 + 4x + 1 is 2x + 4. Thus 2x + 3 in the
numerator can be written as 2x + 3 = 2x + 4) — 1.

2x+3
1=

T dx
Jx +4x+1

(2x+4)—(1)
J. x +4x+1

=J- 2x +4)

1
— dx—I_'—Z dx
X +4x+1 X“+4x+1
1

-1
2 2 —
Jo2 +4x+1) 2 2x + 4) dx -[J(x+z)2_(./§)2 dx

L1
(X2 +4x+1) 2
- 1 —log | (x +2) + J(x+2)2 - (3)2 | + ¢

—2+1

=2Jx2+4x+1 —log|x+2+ Jx?+4x+1|+c

2
x*+1

Example 32 : Evaluate J' dx

" x>
Solution : I =_[x4+1 dx

2x2

1 P,
T2 Xty &

E+FD+x2-D
2 x* +1

2
_ 1 1 X 1
2 x4+1dx+2.[x4+1

(1+¢2J [_LJ
1 [ X7/ 1 x2
= = dx + = | ———=< dx
2 x2+x_12J 2.[(x2+#)

INDEFINITE INTEGRATION 225



—

Let x — i = u for the first integral and x + i = v for the second integral.

X

So (H%j dx = du and [1—%) dx = dv
X

0. I —
Integrate
— 1
Lo X243x+3
-1
4 Froax—x

1

7- ———————————————————
J7—3x—2x2

1 du dy
2 .[u2+(ﬁ>2 + .[vz—(ﬁ)2

%X%tan_l(izj+%xﬁlog %
N ) U i)
Ay -l log x+Led2
IS 1 x2 +1-J2x
22 tan [‘EXJ+ Wz 98 (2 1 Jox

Exercise 6.4

the following w.r.e. x.

1

2. 4x2 _ax+3

1
5. sz—x+5

1

J3x2+5x+7

+c

1-6x —9x2

1
6. T——
J2x +3x—2

1

9 Jx-nx-2

1 4x +1 3x+2
I re— e % +2 12, v x+1
2x+3 3x+1 25in2x — cosx
13. o 14. p—) 15. % cos 2x — asinx
o* x2 2x
R ey 1o xS rax e 18 i -y
- x2 +1 - x*+4 - x2+1
x4t 1 © x*+16 C Xt 72 41
1 x* -1 x2
22 ¥ £, x*+x?+1 24 S Y
*
Miscellaneous Examples
sin2x
Example 33 : Evaluate : J - - = 9%
sin [x _?J sin (x +T)
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Solution :

Example 34

Solution : I =

Let x? +

: Evaluate : I

1
n

|=

1 = ¢. Then nx" —

nx (x" +1)

1
_I. 2 T 1 dt
n t —t+z—7

sm2x
-1 (- Z)sin(s+5) ¥

_[ sin2x
-~ J sinPx— sinPT

_sin2x 2x
sin’x — 7

_[dx smzx—— "
sin’x —2
=1 | in2 _i|

og |sinx — 3| +c¢

1

x(x™ +1) x> 0)

- -[ x(x™ +1)
lgx = dt
nx""ldx

dt
@ -Dt

’ in (x—0
Example 35 : Evaluate : I % dx

Solution :

_ sin(x—0)
1 _J'Jsin(x+9) dx

sin (x—0)
sin (x —0)

J‘ sin (x — (-)) d
sm(x+9) x

sin (x — G)
.[Jsm 2x — sin 2 dx

“

Second Method :

I

(t—l)t
_ [t—(t—Dldt
~n (t—Dt

diiasii

%[loglt—ll—log|t|]+c

I

I
—

o

®

9<x<—g—+9,ﬂ<x<—725-

(sin(x — 0) > 0)
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_ .[ sinx cos © —cosx sin 0 e

Jsin 2x — 5in %0

= COSO J.¢ dx — sin© J¢ dx

sinx — sin?0 sin?x — sin?0

= cosO ‘[ dx — sin0 J- Loy dx
Jl—cos x—1+cos?0 ‘lsinzx—sinzﬂ

sinx dx cosx dx

Jcosze—coszx Jsinzx—sinze

Let cosx = u in the first integral and sinx = v in the second integral.
». —sinx dx = du and cosx dx = dv

= cos0O _[ — sin® ‘[

= —cosO sin~! (a?sﬂ] sin© log | v + ‘/v —sinZ0 |+ ¢

= —cosO sin”! [gg:g) — sin0 log | sinx + Jsin2x—sin0 | + ¢

Example 36 : Evaluate : J% dx 0<x<T

(sinx+1)—1

Solution : I = Jrrsinx
1
= [ J1+ sinx dx—f‘/mdx

= n 2 X 2X 4 oginX ldx—_[ 1 dx
_['lsm >+ cos 2+2smzcos2 J

2 X 2x n X X
sin 2+C0S 2+2sm2c0s2

—_[ sm +cos— dx — _[— dx
Ism +cos—|
I(sm—+cos dx — I ( cos—+—sm—J dx (0 < —;— < %)
2
—.[ sm—+cos dx—jmdx
- [ (ang o) de - i e (55
— X =
- c:;sz N sz; -j= (—;) log |sec (£-Z) + tan (£-Z) |+ ¢
2(sm?—cos ) J2 log |sec %—%) + tan (%—%) |+ c
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Exercise 6

Integrate the following with respect to x

Jx log (x + 1+ x2)
E (x> 0) 2, ——¥ "~ -
N e
1 1-Jx
5 3 € 1
3 (x+1)2‘/x2+2x+2 . 1+dx " SRy
2
xX+3 x*+5x+3
5. > 12 x> -2) 6. Piarra x#-2,-1)
_xX 1
7o ¥ix+w0 @F 52 8. Cos(x—a)cos(x—Db)
sin (x +a)
9 Sinx+b (1 — xy”
11. Jwanx lZ.ﬁ
sin *x + cos “x
1
13. ~0<a<l

1—2acosx +a

14. Select a proper option (a), (b), (¢) or (d) from given options and write in the box given
on the right so that the statement becomes correct :

Section A
(1) I [F e = BB 4+ ¢, then f(x) = ..... ]
log x (log )’ (log x)* (log x)°
(@ == (b) == () == (d) Logx)
(2) Jerlogagrgy = .+ ¢ ]
(@) a e (®) (1(-:lle<Zga) (©) lo;ae) CY 1+‘llogea
3) j@ dx = .. + ¢ ]
(@) (log x)? (b) Qo) (©) 4 (log x)* (d) 2 (log x)°
4) jsecz (5—%) dx = ... + c ]
@ wn (5-%)  ®2an(5-%)  © 2an(5-%) (@) —Lan(5-%)
(5)I4x2+9 dx = o + C -

@ Lt (ZE) o) L (BE)  © tan ' () @ 2t ()
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(6) | JI—cosx dt = ...+ ¢, 20 < x < 3T ]
@ —2V2 cos £ (b) —2 cos £ © 2v2 cos £ d) —1 cos (%)

(7) Iﬁ = e +c ]
@ 23vlogx  ®) Trrmes © Jrlogx (-2 3rlogx

8) _[ ./41? dx = o + ¢ =
@ —2(4 — 3x)_% + ¢ (b) —2(4 + 3x)%

4
2

(©) =34 — 3%) ) 24 + 3x)%

(9)jx2 arts &= + ¢ ]
(@ log|x¥®>—4x+ 5|+ c (b) IOg‘/x2—4x+5
1 Xx-3
(©) 7G> — 4x + 50 (d) log (—x_l)
1
(10)_[ raa A=t =3
_ t+2
(a) - tan™! (&L (b) § log ml
1 1 3t 1 _
©) 5/5 tan I(T] @ g5 @ (%)
1
(lljjm dt = ... +c ]
(a) cosect + cott (b) —cot% ©) —4cot% (d) cosect + cot t
eSlogx _e4]ogx
(12)_[ SlEX _g2logx X = .. +c ]
@) e-37% (b) € logx (©) % d) X
(13)[ sec®x - cosec®s dx = ...... + c -
(a) tanx + cotx (b) tanx — cotx (c) sec’x + cosec’x (d) cotx — tanx
(14)f Blogx. (x4 + 1y 1 gy = ... + ¢ ]
(@) log (x* + 1) (b) —logx*+1)  (¢) %log €28 B VI C ) Ry
(log x)* _
(15[ LD gy +c -
s 2 s
(@) Log 0" (b) Log 2 (© fex (@) log x - (log v)* + L22
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@ sinlWx+c¢c  (®)—2J1-x+¢

(c) —sin"Wx + ¢ d2Jy1—-x +c¢

(sinx*®
a7) m dx = ... + c i
(tanx)'® (tanx)* (tanx)*® (tanx)®
@ oo &) == © 5 @ =5
logx2 _
(18) _[—x dx = ... ]
(@) log | ¥2| + ¢ (b) log x+ ¢ (©) (log x)2+ ¢ (d) %(log x)?+c
xsinx
(19)J (cosx — Sinx +5) A = e +c -
(a) log | xcosx — sinx + 5 | (b) —log | xcosx — sinx + 5 |
(c) log | xsinx — cosx + 5 | (d) —log | xsinx — cosx + 5 |
20)] (1 = cosx)cosec®x dx = ... +c i~
(a) tan % (b) cot % (c) % tan % (d) 2 tan %
Section B
(2DIf f'(x) = x2 + 5, then [ f(X)dx = ...... . (c and k are arbitrary constants) 1]
(a)%+%+cx+k (b)———x—cx+k
4 2 2
(c)f—z—%+cx+k (d)%+%+cx+k
10x° + 10 10g10
(zz)_[ o =t C -
(a) 10* — x10 (b) 10* + x10 ©) (10 — x1971  (d) log | 10* + x!0
(23)] cos3x - elog sinx gy = + ¢ -
P
(@) — sin 4x © ec;’sx ) co:‘ x
_sinx _
(24)_[ T+ dcosx X = e +c .}
(@) log | 1 + 4cosx | (b) —4 log | 1 + 4cosx |
(©) —% log | 1 + 4cosx | (d) —log | 1 + 4cosx |
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a

1
(ZS)J.Jm_J;dx— ...... + ¢ ]

3 2.2 2 2 L, 1
(a) E(x + 2)2 + 5 %2 (b) 5(x +2)2 + §x2
3 3 3
) 2(x +3)2 + %x2 d3x+22+3x
(26)] sin2x cos 3x dx = A cosx + Bcos 5x + ¢, then A + B = ...... =y
@ % ®) = © 2 @ 2
(27) [ 454D e — A cosdx + c, then A = .... -
@ —3 ®) —% © —3 @ 3
1+ cosx
(zs)j el ]
(a) log | sinx |+ log | cosx | (b) log | tanx - tan= |
(c) log | 1+ tan= | (d) log |sec— + tan—|
sinx — cosx
(29)I m dx = ...... + ¢ D
1 1
(@) Sinx+cosx (®) Sinx—cosx
. 1
(c) log | sinx + cosx | (d) log |S7x +cosx
30) [ == gy =+ -
(30) cosx (1+cosx) =~ 777 ¢
(a) 2 log | cosx| + tan% (b) log | secx + tanx | — 2tan%
(c) log | tanx | + 2tan% (d) log | secx | — tan?
onf=ES - e -
@) log|ef—e*| (b)log|e*+ e*| (c) tan™! (&) (d) tan™! (e%)
(32)Ix+f’1‘0gx= ...... +c -
(a) log |x+ xlog x| (b) x log | 1 + log x|
1+logx
(c)log |1+ log x| d ——
(33)[ tanx Stanx g - +c -
(@) —'”‘;m‘ (b) _'/Cg’-x (c) 2¥cotx (d) 2Vranx
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Section C
anf = e -
3n 1 T
@ J tog |ran (% + 3E)| (b) J5 log |1an(Z+)
1 3n
(¢) 75 log |tan (%‘T)l (d) log |cos 5
(35) & - . +c -
(1+ sinx)?
(a) V2 log |ta (Tn_%) (b) V2 log cosec(%+%)—cot(%+%)
(c) V2 log |tan (% %) (d) V2 log |sec (%+%)+tan (%+%)
(36)‘[ m = + c I:]
(a) % tan~1 (3 tan %) (b) % tan~! (% tan %)
©) % tan1 (% tan%) ) % tan™1 (3 tan %)
__sinx _
37 )_[ i v = et -
a) x cosa + sinalog| sin(x — a x — a) cosa — sinalog| sin(x — a
(@ nal n( ) (b) ( ) inal n( )
(c) sina log| sin(x — a)| + cosa x (d) sina-x + cosa log| sin(x — a) |
sin2x
(38).[ pcos ’x + q sin *x dx = e +te =
a) — log| psin2x + gcos q — p)log| pcos“x + q sin“x
Z 1 2% 2 b) ( 1 2 2
—1_ 2 .2 —1— 2 .2
©) q—7 log | pcos“x + gsin“x | (d) PP+ g log | pcos“x + gsin“x |
1
) T g = e -
(@ % tan™! (% tanx) (b) %tan_1 (% tanx)
(©) % log | 4 + 9tan®x | (d) % log | 4cos®x + 9sin’x |
(40)_[ ’Z+§ ...... c ]
(@) % sin~ 1 (%) — Ja2—x? (b) % sin~ 1 (%) - "az —x?
(c) sin~1 (f) + Ja2 - x2 (d) a sin™1 (f) + "
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(41DIf _[ z?::i: dx = px + gsin2x + rcot x + ¢, then -
@p=—2, g=—4 r=-1 ®p=—1, g=—2 r=-1
©@pr=1,qg=-1,r=1 @p=2,q9=-1r=1

e* _

] o = e —

@ 7 sec”! [ze EHJ ®) tan 1 (1 + &)
- 2e* +1 & L 1 e* +1
© J3 lan 3 (d) 5 lan Ve

(43)Iﬁ dx = ... +c -
(a) sin 1 (2‘_/53]6) (b) sin1 (2jé1) (c) sin~! (23%3) (d) sin”1 (S;J;x)

Section D
2
(44)J x4x ;’21“ ...... +c -
(@) x tan l(x2+1J (b) tan_l(xz_lj
X X
1, (X IR s |
(© 75 tan Tox d) 75 tan Tox
(45)] (Janx + Jeox) dx = ... + ¢ =
o on(B) o s ()
tanx +1 -1
© V2! (m] () “5* tan ! (7%)
(46)“/%% S —

‘/1+x—1

(a) 2 log [m] — 2sin Wx

1 —_

1—,/1—x
(c) 210g[1+mj +Ecot lyx+1

234
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(47).[#3 = ... +c 1

©-x*)2

X X

X x
—_— b) —T— T b) ——=
(a) 3m ( ) 9’9+x2 (C) 9'9_x2 ( ) (9_x2)%
)
(43)If_[.x3‘,1ti2 dx = pcos™x? + q‘h_x4 + 2 J1—x* +c,thenp+qg+r=... -

(@ 0 ) — © 3 (b) —1

Summa>

We have studied the following points in this chapter :

1. Definition of primitive or antiderivative or indefinite integral.
2. Working rules for integration.

3. Standard integrals :

Oaml

(1) [x"dx =277 +c,ne R— {-1},x € R".

@ [Lax=log|x|+c xe R— {0}

(3) [cosxdx = sinx + ¢, Vx € R

4) Isinxdx = —cosx + ¢, Vx € R

(5) Jsecxdx =tanx + ¢, x # 2k — DT, k€ Z
(6) Icoseczxdx =—cotx + c,x #kIt, k€ Z

@) Isecx tanx dx = secx + ¢, x # 2k — 1)%, ke Z

€] Icosecx cotxdx = —cosecx + ¢, x # kW, k € Z

O [atdx =1

bea+qaeR+—ULxeR

1 1 i
um]f+fdwnﬁm1%)+g a€ R— {0}, x€ R

d. x-a
UDJ;A22ﬁ=E%ng+a-+qaelk—mhx¢ia
1 +
(12) Iaz_xz dx=ﬁlog ﬁ_Z +c,ae R—{0}, x#=*a

| N s Y -
(13)Imdx sin 12+ ¢, x € (—a a),a>0.
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1 1 -1X
14 J‘—d.‘x=—sec 1X 4 ¢ |x|>|al|>0.
(14 | —Fi—di= LseclZ + ¢, |x] > |al

1
15 f—dx=lo x + 2442 +¢, Vxe R
(15) (s g | ‘/x +a? |

Rule of substitution for integration.
If I [ (x)dx = F(x), then f flax + b)dx = iF(ax + b) where f: I — R is continuous on some
interval 1. (a # 0).

6 j' n £ = M s ' ] '
f S f'(x)dx = T (n # —1, f(x) > 0) where f, f' are continuous and f'(x) # 0.

7. 1If f is continuous in [g, b] and differentiable in (a, ) and f' is continuous and

fc((;‘)) dx = log | f®)| + c.

non-zero, Vx € [a, b] and f(x) # 0, Vx € [a, b], then
(16) Itanx dx = log | secx| + c,

on any interval I = (I(J'C, 2k + 1)%) or ((2k — DHE, Im:), ke Z
17 _[cotx dx = log | sinx| + c,

on any interval I = (kﬂ: Qk + 1)%) or ((2k - DE, k‘n‘.), ke 7
(18) _[cosecx dx = log | cosecx — cotx| + ¢, x # kT, k € Z,

on any interval T = (kﬂ: Qk + 1)%) or ((2k — 1)121, kn) ke Z

(19) _[secx dx = log |tan(%+§) | + ¢,

on any interval T = (kn' Qk + 1)%) or ((2k — DE, kn) ke 7

Classical Period (400 — 1200)

This period is often known as the golden age of Indian Mathematics. This period saw mathematicians
such as Aryabhata, Varahamihira, Brahmagupta, Bhaskara I, Mahavira, and Bhaskara Il who gave
broader and clearer shape to many branches of mathematics. Their contributions would spread to Asia,
the Middle East, and eventually to Europe. Unlike Vedic mathematics, their works included both
astronomical and mathematical contributions. In fact, mathematics of that period was included in the
'astral science' (jyotisha-shatra) and consisted of three sub-disciplines: mathematical sciences (ganita
or tantra), horoscope astrology (hora or jataka) and divination (samhita). This tripartite division is seen
in Varahamihira's 6th century compilation—Pancasiddhantika (literally panca, "five," siddhanta, "conclu-
sion of deliberation"”, dated 575 CE)—of five earlier works, Surya Siddhanta, Romaka Siddhanta, Paulisa
Siddhanta, Vasishtha Siddhanta and Paitamaha Siddhanta, which were adaptations of still earlier works
of Mesopotamian, Greek, Egyptian, Roman and Indian astronomy. As explained earlier, the main texts
were composed in Sanskrit verse, and were followed by prose commentaries.
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